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a b s t r a c t

Clustering is the most fundamental technique for data processing. This paper presents a collaborative
annealing power k-means++ clustering algorithm by integrating the k-means++ and power k-means
algorithms in a collaborative neurodynamic optimization framework. The proposed algorithm starts
with k-means++ to select initial cluster centers, then leverages the power k-means to find multiple
sets of centers as alternatives and a particle swarm optimization rule to reinitialize the centers in
the subsequential iterations for improving clustering performance. Experimental results on twelve
benchmark datasets are elaborated to demonstrate the superior performance of the proposed algorithm
to seven mainstream clustering algorithms in terms of 21 internal and external indices.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

Clustering plays an important role in data analysis and pro-
essing. It aims to group unlabeled data into a number of clus-
ers such that the data within each cluster are similar to each
ther [1]. It has been widely applied to many areas, such as data
ining, image segmentation, community detection, homology

dentification, and market analysis, among many others [2].
Existing clustering algorithms may be classified into multiple

ategories from several perspectives. According to the structure
f algorithms, they may be classified into two categories [3]:
ierarchical clustering and partitional clustering algorithms. Hi-
rarchical clustering methods are further subdivided into ag-
lomerative algorithms [4] and divisive algorithms [5]. Partitional
lustering methods are further subdivided into center-based al-
orithms and center-less algorithms. Center-based algorithms are
xemplified by k-means [6], k-harmonic means [7], k-medoids
lgorithms [8], and spectral clustering algorithms [9–11]. The
enter-less algorithms include distribution-based and densities-
ased algorithms, etc. The distribution-based methods include
he expectation–maximization for Gaussian mixture model algo-
ithms [12], and the density peak with Gaussian mixture model
lgorithm [13], etc. The density-based methods include the
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mean-shift algorithm [14], the density peak algorithm [15], etc.
Depending on the uniqueness of sample-cluster assignments,
clustering algorithms may be classified into hard and soft clus-
tering algorithms. The soft clustering methods include proba-
bilistic clustering algorithms [16], fuzzy clustering algorithms
[17–20]. In terms of feature space, clustering may operate in
whole space, weighted space, or subspace. Feature-weighted clus-
tering methods include the entropy weighting k-means clustering
algorithm [21], the entropy-weighted power k-means cluster-
ing algorithm [22], the lasso-weighted k-means clustering al-
gorithm [23]. Subspace clustering methods include the neural
collaborative subspace clustering algorithm [24], the multi-view
subspace clustering algorithm [25], and the subspace clustering
via adaptive least square regression with smooth affinities algo-
rithm [26]. In addition, many computational intelligence methods
are proposed for clusterings based on tabu search [27], simulated
annealing [28], collaborative neurodynamic optimization [29],
etc.

Of particular interest, the classic k-means algorithm is com-
monly used and is still one of the most widely used methods
nowadays due to its efficiency and simplicity. However, a popular
implementation of k-means, Lloyd’s algorithm [6] is sensitive to
initial centers and it deteriorates in high dimensions [47,48].
To overcome these drawbacks, many improvements have been
proposed, such as initialization improvements [8,49–51] and ob-
jective function improvements [7,48,52–54]. In particular, the
power k-means clustering algorithm [48] operates by minimizing
a power-mean function with annealing parameters to mitigate
its tendency to get trapped in local minima. Nevertheless, its
clustering performance still depends on the initial centers.

In this paper, we propose a clustering algorithm (called col-

laborative annealing power k-means++ clustering) that integrates
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Fig. 1. A flow chart of collaborative annealing power k-means++ clustering.

Table 1
Information about the twelve benchmark datasets and the corresponding
hyper-parameters value in CAPKM++ used in the experiments.
Dataset Type n m k M N

NCI94.2 biological data 60 9712 9 30 40
Lymphoma4.2 biological data 96 4026 9 30 10
ORL10P4.2 face image data 100 10304 10 30 4
WarpPIE10P4.2 face image data 210 2420 10 30 10
Segment4.2 image segmentation data 2310 19 7 30 3
SpamBase4.2 e-mail message data 4597 57 2 5 5
PageBlocks4.2 text data 5472 10 5 30 12
Texture4.2 texture data 5500 40 11 15 40
Optdigits4.2 hand-written image data 5620 65 10 30 40
Satimage4.2 satellite image data 6435 36 7 30 5
COIL20004.2 customer information data 9822 85 2 5 2
Penbased4.2 hand-written image data 10992 16 10 15 2

the k-mean++ and power k-means algorithms in a collabora-
ive neurodynamic optimization framework. In the beginning,
-means++ is used to provide good initial centers. Power k-means
ith randomly generated annealing parameters is leveraged to
enerate multiple centers for alternative clustering, and a particle
warm optimization rule is used for repositioning the centers.
ttributable to the joint effects of the better seeding from k-
eans++, the smoother objective function from Power k-means,

he more diversified alternatives associated with the multiple
enters repositioned using the swarm intelligence method, the
roposed clustering algorithm could produce better clustering
esults than existing k-means algorithms.
 i

2

Fig. 2. Snapshots of the weight vectors w in (8) in the inner loop (Steps 4–8)
of CAPKM++ on the twelve datasets.

The rest of this paper is organized as follows. In Section 2,
the problem statement, k-means++ and power k-means cluster-

ng algorithms, and collaborative neurodynamic optimization are
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Table 2
The mean values and standard deviations of f (Θ) by using PKM, PKM++, CAPKM, and CAPKM++ in the ablation
studies.

Dataset PKM PKM++ CAPKM CAPKM++

NCI9 4.8597 ± 0.0106 4.8580 ± 0.0095 4.8362 ± 0.0081 4.8105 ± 0

Lymphoma 9.4485 ± 0.0088 9.4469 ± 0.0070 9.4397 ± 0.0017 9.4388 ± 0

ORL10P 2.4151 ± 0 2.4130 ± 0.0061 2.3809 ± 0 2.3809 ± 0

WarpPIE10P 3.4688 ± 0.0093 3.4648 ± 0 3.4489 ± 0.0013 3.4481 ± 0

Segment 22.0185 ± 0.5957 22.2194 ± 0.6081 21.4986 ± 0 21.4986 ± 0

SpamBase 13.6374 ± 0 13.6374 ± 0 13.4122 ± 0 13.4122 ± 0

PageBlocks 21.6410 ± 0.0478 21.6002 ± 0.0594 21.5478 ± 0 21.5478 ± 0

Texture 15.6271 ± 0.0031 15.6107 ± 0.0200 15.5734 ± 0.0001 15.5733 ± 0

Optdigits 235.6059 ± 1.1878 235.0509 ± 0.1682 234.8252 ± 0 234.8252 ± 0

Satimage 44.4344 ± 0.8616 44.2245 ± 0.6462 44.0144 ± 0 44.0144 ± 0

COIL2000 222.9554 ± 0 222.9554 ± 0 222.9522 ± 0 222.9522 ± 0

Penbased 317.3646 ± 4.1250 319.1628 ± 3.8478 308.1348 ± 0.0007 308.1344 ± 0
Table 3
Internal cluster validity indices.

Measure Definition Min/Max Reference

WGSS
∑p

k=1
∑

x∈Ck
||x− ck||2 min [30]

Trace W Index (TWI) Tr(WG) max [31]

Ball–Hall Index (BHI) 1
p

∑p
k=1

1
nk

∑
x∈Ck
||x− ck||2 max [32]

G+ Index (GPI) 2s−
NT (NT−1)

min [33]

Calinski Harabasz Index (CHI) n−p
p−1

BGSS
WGSS max [34]

Dunn Index (DI)
mini,j{minx∈Ci ,y∈Cj d(x,y)}

maxk{maxx,y∈Ck d(x,y)} max [35]

Baker–Hubert Gamma Index (BHGI) s+−s−
s++s− max [36]

McClain–Rao Index (MRI) NB
NW

SW
SB

min [37]

Log SS Ratio Index (LSSRI) log( BGSS
WGSS ) min [38]

C Index (CI) SW−Smin
Smax−Smin

min [39]

Ratkowsky–Lance Index (RLI)

√ ∑m
j=1(BGSSj/TSSj)/m

p max [40]

Davies Bouldin Index (DBI) 1
p

∑n
i maxj̸=i{

1
ni

∑
x∈Ci
||x−ci ||+

1
nj

∑
x∈Cj
||x−cj ||

d(ci,cj)
} min [41]

PBM Index (PBMI)
( 1
p ×

∑
x∈D d(x,c)∑p

k=1
∑

x∈Ck
d(x,ck)

×maxk<k′ d(ck − ck′ )
)2 max [42]

Xie–Beni Index (XBI) WGSS/[n×
(
mini<j{minx∈Ci,y∈Cj d(x, y)}

)2
] min [43]

Dunn Generalized Index (DGI)
mink̸=k′ δ(Ck,C

′
k)

maxk ∆(Ck)
max [44]

Ray–Turi Index (RTI) 1
n

WGSS
mink<k′ ||ck−ck′ ||

2 min [45]

Tau Index (TI) s+−s−√
NBNW ( NT (NT−1)

2 )
max [46]

Wemmert–Gancarski Index (WGI) 1
n

∑p
k=1 max{0, nk −

∑
x∈Ck

( ||x−ck ||
mink̸=k′ ||x−ck′ ||

)} max [46]

D: dataset; p: the number of clusters; c: center of D; Ci: the ith cluster; ni: the number of data in Ci; ck: center of
Ck; c: center of the whole set of data; d(x, y):distance between x and y; SW : the sum of the within-cluster distances∑p

k=1
∑

x,y∈Ck,x<y d(x, y); SB: the sum of the between-cluster distances
∑

k<k′
∑

x∈Ck,y∈Ck′ ,x<y d(x, y); NW : the total
number of distances between pairs of points belonging to the same cluster; NB: the total number of distances
between pairs of points that do not belong to the same cluster; s+: the number of times a distance between two
points that belong to the same cluster is strictly smaller than the distance between two points not belonging to the
same cluster; s−: the number of times a distance between two points lying in the same cluster is strictly greater
than a distance between two points not belonging to the same cluster; NT : the total number of pairs of points in
the dataset n(n−1)

2 ; Smin: the smallest within-cluster distance; Smax: the largest within-cluster distance; ∆(Ck): the
within-cluster distances 1

nk(nk−1)

∑
x,y∈Ck,x̸=y

d(x, y); δ(Ck, C ′k): the between-cluster distance minx∈Ck,j∈C ′k
d(x, y); BGSSj:∑p

k=1 nk(c
j
k − c j)2; TSSj:

∑N
i=1(Dij − c j); BGSS:

∑p
k=1 nk||ck − c||2; T := tij =

∑
x∈D(x

i
− c i)(xj − c j); WGk

∈ Rp×p is the
within-group scatter matrix of cluster k, and its elements wk

ij := nkCov(xik, x
j
k);w

k
ij := nkVar(xik), where xik denotes the

ith feature of a sample point in cluster k; WG =
∑p

k=1 WGk; BG is between-group scatter matrix, and its element
bij =

∑p
k=1 nk(c ik − ci)(c

j
k − c j).
3
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Table 4
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on NCI9 and Lymphoma.
NCI9 KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 5.2345 ± 0.1907 5.2417 ± 0.1304 4.8597 ± 0.0106 4.858 ± 0.0095 4.8586 ± 0.0101 7.0303 ± 0.1475 5.0366 ± 0 4.8105 ± 0
MRI↓ 0.8729 ± 0.0154 0.8699 ± 0.0117 0.8472 ± 0.0052 0.8459 ± 0.005 0.8457 ± 0.0054 1.0006 ± 0.0152 0.8442 ± 0 0.8389 ± 0
GPI↓ 0.0476 ± 0.013 0.0465 ± 0.0116 0.0245 ± 0.0024 0.0242 ± 0.0022 0.0241 ± 0.0023 0.2402 ± 0.0207 0.0247 ± 0 0.021 ± 0
BHGI↑ 0.638 ± 0.0747 0.6512 ± 0.0642 0.7386 ± 0.0338 0.7451 ± 0.0292 0.7452 ± 0.0324 0.0012 ± 0.0729 0.7685 ± 0 0.7948 ± 0
CI↓ 0.1668 ± 0.0349 0.1587 ± 0.0264 0.1243 ± 0.0137 0.121 ± 0.0126 0.1208 ± 0.0138 0.4998 ± 0.0397 0.1102 ± 0 0.1008 ± 0
TI↑ 0.3247 ± 0.0361 0.3339 ± 0.0328 0.321 ± 0.0207 0.3254 ± 0.0174 0.3246 ± 0.0194 0.0011 ± 0.0511 0.3551 ± 0 0.3598 ± 0
DGI↑ 1.4282 ± 0.0813 1.4398 ± 0.0855 1.5146 ± 0.0224 1.5176 ± 0.022 1.5151 ± 0.0227 1.1752 ± 0.1038 1.5442 ± 0 1.5269 ± 0
RLI↑ 0.1864 ± 0.0047 0.1878 ± 0.0056 0.1936 ± 0.0005 0.1937 ± 0.0004 0.1936 ± 0.0005 0.1214 ± 0.0051 0.1949 ± 0 0.1964 ± 0
CHI↑ 0.4882 ± 0.0323 0.498 ± 0.0397 0.5548 ± 0.0034 0.5554 ± 0.003 0.5552 ± 0.0032 0.153 ± 0.0138 0.5531 ± 0 0.5707 ± 0
RTI↓ 2.2602 ± 0.4071 2.0109 ± 0.337 1.8628 ± 0.0715 1.8095 ± 0.093 1.8153 ± 0.0908 5.8821 ± 3.3645 1.886 ± 0 1.8742 ± 0
WGI↑ 0.189 ± 0.0138 0.2001 ± 0.0192 0.2085 ± 0.0039 0.2114 ± 0.0056 0.2099 ± 0.0047 0.136 ± 0.0236 0.2143 ± 0 0.2249 ± 0
DI↑ 0.6168 ± 0.0288 0.619 ± 0.0378 0.6637 ± 0.0086 0.6617 ± 0.0102 0.6589 ± 0.0127 0.4688 ± 0.0105 0.689 ± 0 0.6779 ± 0
BHI↑ 0.0761 ± 0.0038 0.0728 ± 0.0081 0.0801 ± 0.0004 0.08 ± 0.0008 0.0802 ± 0.0005 0.0506 ± 0.0107 0.0727 ± 0 0.0726 ± 0
PBMI↑ 0.0049 ± 0.0012 0.0047 ± 0.0008 0.0059 ± 0.0003 0.0057 ± 0.0004 0.0058 ± 0.0003 0.005 ± 0.0006 0.0054 ± 0 0.005 ± 0
XBI↓ 0.7165 ± 0.0673 0.6981 ± 0.0638 0.6136 ± 0.0013 0.6134 ± 0.0012 0.6135 ± 0.0013 0.9819 ± 0.0152 0.6143 ± 0 0.6074 ± 0
DBI↓ 2.4802 ± 0.1045 2.3436 ± 0.2082 2.5172 ± 0.0524 2.4772 ± 0.0663 2.5064 ± 0.0561 2.4248 ± 0.4514 2.2793 ± 0 2.2482 ± 0
LSSRI↑ −0.7824 ± 0.08 −0.7568 ± 0.0783 −0.5891 ± 0.0061 −0.5881 ± 0.0055 −0.5885 ± 0.0058 −1.8809 ± 0.0892 −0.5921 ± 0 −0.5608 ± 0
TWI↓ 0.5759 ± 0.0143 0.5713 ± 0.0142 0.54 ± 0.0012 0.5398 ± 0.0011 0.5398 ± 0.0011 0.7282 ± 0.0087 0.5406 ± 0 0.5345 ± 0
ACC↑ 0.3867 ± 0.0345 0.4042 ± 0.0358 0.4317 ± 0.0152 0.4392 ± 0.0182 0.4317 ± 0.0131 0.2533 ± 0.0239 0.4667 ± 0 0.4333 ± 0
NMI↑ 0.3967 ± 0.0438 0.4053 ± 0.0443 0.4752 ± 0.0126 0.4731 ± 0.015 0.4702 ± 0.0143 0.2488 ± 0.0265 0.475 ± 0 0.4658 ± 0
ARI↑ 0.1049 ± 0.0387 0.1232 ± 0.0417 0.1767 ± 0.0135 0.1759 ± 0.0184 0.1706 ± 0.0158 −0.0017 ± 0.0117 0.1946 ± 0 0.1823 ± 0

Lymphoma KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 10.0905 ± 0.2695 10.0917 ± 0.2289 9.4485 ± 0.0088 9.4469 ± 0.0070 9.4598 ± 0.0257 13.6896 ± 0.1615 9.5129 ± 0 9.4388 ± 0
MRI↓ 0.8614 ± 0.0160 0.8644 ± 0.0145 0.8356 ± 0.0009 0.8355 ± 0.0008 0.8356 ± 0.0016 1.0014 ± 0.0077 0.8426 ± 0 0.8327 ± 0
GPI↓ 0.0339 ± 0.0150 0.0354 ± 0.0118 0.0171 ± 0.0005 0.0170 ± 0.0004 0.0170 ± 0.0010 0.2421 ± 0.0151 0.0212 ± 0 0.0160 ± 0
BHGI↑ 0.7269 ± 0.0861 0.7197 ± 0.0772 0.8307 ± 0.0064 0.8309 ± 0.0019 0.831 ± 0.0110 −0.0104 ± 0.0471 0.7883 ± 0 0.8358 ± 0
CI↓ 0.1635 ± 0.0411 0.1686 ± 0.0392 0.1125 ± 0.0032 0.1125 ± 0.0009 0.1127 ± 0.0050 0.4980 ± 0.0249 0.1320 ± 0 0.1084 ± 0
TI↑ 0.3581 ± 0.0446 0.3602 ± 0.048 0.3731 ± 0.0061 0.3727 ± 0.0022 0.3731 ± 0.0074 −0.0073 ± 0.0326 0.3526 ± 0 0.3694 ± 0
DGI↑ 1.3461 ± 0.1648 1.3328 ± 0.1485 1.5686 ± 0.0074 1.5706 ± 0.003 1.5360 ± 0.0885 1.0975 ± 0.0435 1.5685 ± 0 1.5694 ± 0
RLI↑ 0.1811 ± 0.0058 0.1806 ± 0.0049 0.1939 ± 0.0002 0.1940 ± 0.0001 0.1937 ± 0.0005 0.0956 ± 0.0034 0.1925 ± 0 0.1940 ± 0
CHI↑ 0.4267 ± 0.037 0.4233 ± 0.0321 0.5194 ± 0.0014 0.5197 ± 0.0011 0.5176 ± 0.0041 0.0897 ± 0.0071 0.5091 ± 0 0.5210 ± 0
RTI↓ 2.6389 ± 0.3654 2.5379 ± 0.524 2.2287 ± 0.0815 2.216 ± 0.1035 2.2094 ± 0.1729 8.5753 ± 3.1523 2.0090 ± 0 1.8269 ± 0
WGI↑ 0.1784 ± 0.0154 0.1762 ± 0.0199 0.2070 ± 0.0006 0.2072 ± 0.0005 0.2067 ± 0.0024 0.0818 ± 0.0122 0.2083 ± 0 0.2107 ± 0
DI↑ 0.5729 ± 0.0733 0.5617 ± 0.0616 0.7007 ± 0.0082 0.7013 ± 0.0088 0.6834 ± 0.0435 0.4526 ± 0.0112 0.6745 ± 0 0.6745 ± 0
BHI↑ 0.0986 ± 0.0027 0.0964 ± 0.004 0.0958 ± 0.0003 0.0959 ± 0.0002 0.0960 ± 0.0006 0.0682 ± 0.0114 0.0952 ± 0 0.0968 ± 0
PBMI↑ 0.0036 ± 0.0004 0.0041 ± 0.0005 0.0042 ± 0.0001 0.0042 ± 0.0001 0.0042 ± 0.0001 0.0049 ± 0.0007 0.004 ± 0 0.0046 ± 0
XBI↓ 0.9094 ± 0.2176 0.9332 ± 0.1899 0.6103 ± 0.0006 0.6102 ± 0.0005 0.6486 ± 0.1067 1.3628 ± 0.033 0.6145 ± 0 0.6097 ± 0
DBI↓ 2.6657 ± 0.1529 2.5945 ± 0.1526 2.5025 ± 0.01630 2.5017 ± 0.01410 2.5017 ± 0.0200 2.9182 ± 0.3647 2.4489 ± 0 2.442 ± 0
LSSRI↑ −0.8626 ± 0.0911 −0.8626 ± 0.0768 −0.6551 ± 0.0027 −0.6546 ± 0.0022 −0.6586 ± 0.008 −2.4137 ± 0.079 −0.6751 ± 0 −0.6521 ± 0
TWI↓ 1.1212 ± 0.0299 1.1213 ± 0.0254 1.0498 ± 0.0010 1.0497 ± 0.0008 1.0511 ± 0.0029 1.4638 ± 0.0095 1.057 ± 0 1.0488 ± 0
ACC↑ 0.5182 ± 0.0962 0.5385 ± 0.0716 0.5828 ± 0.0079 0.5880 ± 0.0086 0.5729 ± 0.0206 0.4089 ± 0.0327 0.6250 ± 0 0.6146 ± 0
NMI↑ 0.5875 ± 0.0691 0.595 ± 0.0423 0.6949 ± 0.0066 0.6968 ± 0.0042 0.6868 ± 0.0187 0.1465 ± 0.0197 0.7386 ± 0 0.7326 ± 0
ARI↑ 0.2842 ± 0.1162 0.3082 ± 0.0899 0.3284 ± 0.0166 0.3305 ± 0.0069 0.3152 ± 0.0246 −0.0253 ± 0.0379 0.3581 ± 0 0.3580 ± 0
introduced. In Section 3, the proposed collaborative annealing
power k-means++ clustering algorithm is delineated. In Section 4,
xperimental results on twelve benchmark datasets are discussed
n detail. Finally, in Section 5, the conclusions are given.

. Preliminaries

.1. Problem formlation

Consider a dataset with n samples {xi}ni=1 ∈ Rm with m
features to be partitioned into k clusters. k-means clustering is
commonly carried out directly or indirectly by minimizing the
following objective function [6]:

f (Θ) =
n∑

i=1

min
1≤j≤k
∥xi − θj∥22, (1)

where θj ∈ ℜ
m is the center (centroid) of cluster j

j = 1, 2, . . . , k), Θ = [θ1, θ2, . . . , θk] is the matrix of cluster
enters.
It is formulated as a minimum sum-of-squares problem in [55,

6] as follows:

in
Y ,Θ

n∑ k∑
yij∥xi − θj∥22,
i=1 j=1 c

4

s.t.
k∑

j=1

yij = 1, i = 1, 2, . . . , n;

yij ∈ {0, 1}, i = 1, 2, . . . , n; j = 1, 2, . . . , k;

(2)

where yij is the cluster indicator (i.e., yij = 1 implies pat-
tern i belonging to cluster j or yij = 0 otherwise), for i =
1, 2, . . . , n; j = 1, 2, . . . , k. Despite its important theoretical
implication, the mixed-integer optimization problem formulation
above is NP-hard [57].

2.2. k-means++

k-means++ [50] is an enhanced clustering algorithm by gen-
erating initial centers randomly in favor of high dissimilarity
between selected initial centers. Starting with an arbitrary sample
as the first center, a subsequent center is selected from the
samples with a probability proportional to the distance between
a sample and its nearest existing center:

P(x) =
d(x)2∑

x∈X

d(x)2
, (3)

where x is a sample, X is a set of samples other than selected
enters, d(x) is the distance between x and its nearest center.
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Table 5
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on ORL10P and WarpPIE10P
ORL10P KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 2.7083 ± 0.1705 2.625 ± 0.1315 2.4151 ± 0 2.4130 ± 0.0061 2.4185 ± 0.0129 5.7656 ± 0.1181 2.4089 ± 0 2.3809 ± 0
MRI↓ 0.6786 ± 0.0275 0.6682 ± 0.0169 0.6489 ± 0 0.6466 ± 0.0055 0.6493 ± 0.0018 1.0030 ± 0.0225 0.6493 ± 0 0.635 ± 0
GPI↓ 0.0182 ± 0.0087 0.0154 ± 0.0048 0.0122 ± 0 0.0117 ± 0.0012 0.0123 ± 0.0002 0.2362 ± 0.019 0.0115 ± 0 0.0089 ± 0
BHGI↑ 0.8353 ± 0.069 0.8536 ± 0.0444 0.8601 ± 0 0.8655 ± 0.0135 0.8595 ± 0.0019 −0.0097 ± 0.0692 0.8863 ± 0 0.9058 ± 0
CI↓ 0.103 ± 0.0373 0.0927 ± 0.0246 0.0888 ± 0 0.0859 ± 0.0073 0.0893 ± 0.0018 0.5074 ± 0.0363 0.0711 ± 0 0.0599 ± 0
TI↑ 0.3929 ± 0.0477 0.3931 ± 0.0351 0.3596 ± 0 0.3616 ± 0.005 0.3596 ± 0.0008 −0.0065 ± 0.0478 0.3983 ± 0 0.3931 ± 0
DGI↑ 1.1115 ± 0.1433 1.1548 ± 0.1582 1.1878 ± 0 1.1972 ± 0.0308 1.1937 ± 0.0239 0.5744 ± 0.0931 1.3129 ± 0 1.3233 ± 0
RLI↑ 0.2326 ± 0.0059 0.2343 ± 0.0054 0.2395 ± 0 0.2395 ± 0.0002 0.2393 ± 0.0004 0.0956 ± 0.0057 0.2394 ± 0 0.2400 ± 0
CHI↑ 1.2933 ± 0.1212 1.3502 ± 0.1114 1.51 ± 0 1.5122 ± 0.0063 1.5066 ± 0.0131 0.1003 ± 0.0132 1.5165 ± 0 1.5460 ± 0
RTI↓ 1.5366 ± 0.4225 1.3206 ± 0.298 1.0508 ± 0 1.0531 ± 0.0147 1.0585 ± 0.0324 14.3179 ± 9.8311 0.8902 ± 0 0.8424 ± 0
WGI↑ 0.3230 ± 0.0271 0.3386 ± 0.0254 0.39 ± 0 0.387 ± 0.0074 0.3891 ± 0.0034 0.0532 ± 0.0128 0.3914 ± 0 0.3944 ± 0
DI↑ 0.4177 ± 0.0627 0.4336 ± 0.0582 0.4534 ± 0 0.4554 ± 0.0091 0.4557 ± 0.0091 0.2199 ± 0.026 0.4941 ± 0 0.4941 ± 0
BHI↑ 0.0249 ± 0.0015 0.0238 ± 0.0014 0.0227 ± 0 0.0229 ± 0.0004 0.0227 ± 0.0001 0.0273 ± 0.0069 0.0219 ± 0 0.0228 ± 0
PBMI↑ 0.0038 ± 0.0004 0.0038 ± 0.0004 0.0042 ± 0 0.0042 ± 0 0.0042 ± 0 0.002 ± 0.0004 0.0037 ± 0 0.0039 ± 0
XBI↓ 1.1521 ± 0.2689 1.0856 ± 0.3352 0.8864 ± 0 0.8786 ± 0.0316 0.8797 ± 0.0308 4.8812 ± 1.0998 0.7443 ± 0 0.7356 ± 0
DBI↓ 1.7443 ± 0.1419 1.64 ± 0.1006 1.4956 ± 0 1.5109 ± 0.0382 1.4995 ± 0.0128 3.2496 ± 0.7087 1.4603 ± 0 1.4798 ± 0
LSSRI↑ 0.2143 ± 0.1138 0.2713 ± 0.0882 0.4121 ± 0 0.4136 ± 0.0042 0.4098 ± 0.0088 −2.3071 ± 0.1274 0.4164 ± 0 0.4357 ± 0
TWI↓ 0.2708 ± 0.017 0.2623 ± 0.0132 0.2415 ± 0 0.2413 ± 0.0006 0.2418 ± 0.0013 0.551 ± 0.0066 0.2409 ± 0 0.2381 ± 0
ACC↑ 0.6450 ± 0.0871 0.6980 ± 0.0766 0.8100 ± 0 0.8105 ± 0.0076 0.809 ± 0.0165 0.202 ± 0.0235 0.7700 ± 0 0.7900 ± 0
NMI↑ 0.7722 ± 0.0505 0.8073 ± 0.0413 0.8584 ± 0 0.8587 ± 0.0085 0.8604 ± 0.0102 0.1898 ± 0.0252 0.8678 ± 0 0.8801 ± 0
ARI↑ 0.5369 ± 0.0985 0.5983 ± 0.084 0.7161 ± 0 0.7172 ± 0.0144 0.7191 ± 0.0174 −0.0002 ± 0.0075 0.684 ± 0 0.7273 ± 0
WarpPIE10P KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 3.6075 ± 0.0994 3.6368 ± 0.1163 3.4688 ± 0.0093 3.4648 ± 0 3.465 ± 0 8.4389 ± 0.2204 3.6281 ± 0 3.4481 ± 0
MRI↓ 0.5535 ± 0.0137 0.5536 ± 0.0112 0.5517 ± 0.0022 0.5525 ± 0 0.5529 ± 0 1.0093 ± 0.0073 0.5548 ± 0 0.5368 ± 0
GPI↓ 0.0164 ± 0.0031 0.0167 ± 0.0029 0.0151 ± 0.0004 0.0153 ± 0 0.0154 ± 0 0.2318 ± 0.0090 0.0168 ± 0 0.0131 ± 0
BHGI↑ 0.8388 ± 0.0268 0.8438 ± 0.0191 0.8337 ± 0.0034 0.8324 ± 0 0.8312 ± 0 −0.0044 ± 0.0150 0.826 ± 0 0.8594 ± 0
CI↓ 0.088 ± 0.0124 0.0844 ± 0.0083 0.0937 ± 0.0016 0.0943 ± 0 0.0946 ± 0 0.4982 ± 0.0117 0.0925 ± 0 0.0788 ± 0
TI↑ 0.3776 ± 0.0165 0.3898 ± 0.0200 0.3555 ± 0.0008 0.3554 ± 0 0.3549 ± 0 −0.0031 ± 0.0104 0.363 ± 0 0.3712 ± 0
DGI↑ 0.4701 ± 0.0932 0.4836 ± 0.0817 0.4254 ± 0.0337 0.4401 ± 0 0.4401 ± 0 0.6526 ± 0.0124 0.6178 ± 0 0.6128 ± 0
RLI↑ 0.2551 ± 0.0020 0.2550 ± 0.0018 0.2575 ± 0.0003 0.2576 ± 0 0.2575 ± 0 0.1484 ± 0.0062 0.2505 ± 0 0.2575 ± 0
CHI↑ 2.0493 ± 0.0805 2.0255 ± 0.0942 2.1691 ± 0.0084 2.1727 ± 0 2.1725 ± 0 0.3034 ± 0.0322 2.0299 ± 0 2.1881 ± 0
RTI↓ 1.1029 ± 0.1524 1.0443 ± 0.173 0.999 ± 0.0501 0.9746 ± 0 0.9747 ± 0 3.1805 ± 0.0831 0.9082 ± 0 0.9166 ± 0
WGI↑ 0.303 ± 0.0210 0.308 ± 0.0131 0.3029 ± 0.0016 0.3037 ± 0 0.3038 ± 0 0.1619 ± 0.0164 0.3058 ± 0 0.3298 ± 0
DI↑ 0.1647 ± 0.0374 0.1606 ± 0.0284 0.1594 ± 0.0131 0.165 ± 0 0.165 ± 0 0.1653 ± 0 0.2062 ± 0 0.2357 ± 0
BHI↑ 0.0171 ± 0.0006 0.0172 ± 0.0006 0.0164 ± 0.0003 0.0163 ± 0 0.0163 ± 0 0.0120 ± 0.0006 0.0174 ± 0 0.0170 ± 0
PBMI↑ 0.0065 ± 0.0006 0.0064 ± 0.0007 0.0064 ± 0.0001 0.0064 ± 0 0.0063 ± 0 0.0031 ± 0.0001 0.0063 ± 0 0.0063 ± 0
XBI↓ 6.3067 ± 2.9265 5.9085 ± 2.2502 6.5469 ± 1.4846 5.9511 ± 0 5.9515 ± 0 3.3962 ± 0.0887 3.0665 ± 0 2.9986 ± 0
DBI↓ 1.6448 ± 0.0754 1.6389 ± 0.0794 1.5938 ± 0.0347 1.5788 ± 0 1.5765 ± 0 1.6771 ± 0.067 1.5338 ± 0 1.6021 ± 0
LSSRI↑ 0.7167 ± 0.0406 0.7048 ± 0.0475 0.7743 ± 0.0039 0.7760 ± 0 0.7759 ± 0 −1.1990 ± 0.1217 0.708 ± 0 0.7830 ± 0
TWI↓ 0.3608 ± 0.0099 0.3637 ± 0.0116 0.3469 ± 0.0009 0.3465 ± 0 0.3465 ± 0 0.8439 ± 0.0220 0.3628 ± 0 0.3448 ± 0
ACC↑ 0.2795 ± 0.0167 0.289 ± 0.0237 0.2719 ± 0.0034 0.2714 ± 0 0.2714 ± 0 0.2879 ± 0.0110 0.2857 ± 0 0.2810 ± 0
NMI↑ 0.2957 ± 0.0309 0.2978 ± 0.0419 0.3048 ± 0.0065 0.3061 ± 0 0.3141 ± 0 0.3837 ± 0.0099 0.3614 ± 0 0.3140 ± 0
ARI↑ 0.0869 ± 0.0209 0.0856 ± 0.0229 0.0922 ± 0.0058 0.0918 ± 0 0.0959 ± 0 0.0903 ± 0.0177 0.1117 ± 0 0.0940 ± 0
w
s
1

2.3. Power k-means clustering

In [48], the power k-means algorithm is proposed to improve
-means algorithms by minimizing an annealed power function
nd demonstrated to perform better than Lloyd’s algorithm [6]
nd k-harmonic means [7]. The power mean is defined as:

Ms(y) = Ms(y1, y2, . . . , yk) =
(1
k

k∑
i=1

ysi
) 1

s
, (4)

where s is the exponent.
Let fs(Θ) :=

∑n
i=1 Ms(∥xi − θ1∥

2
2, . . . , ∥xi − θk∥

2
2). As

lims→−∞Ms(y) = min1≤j≤k{y1, . . . , yk} [58],

lim
s→−∞

n∑
i=1

Ms(∥xi − θ1∥2, . . . , ∥xi − θk∥2) =
n∑

i=1

min
1≤j≤k
∥xi − θj∥22;

i.e., lims→−∞ fs(Θ) = f (Θ).
If s < 1, Ms(y) is concave [48]; i.e., at any anchor point z,

Ms(y) ≤ Ms(z)+
k∑ ∂

∂zj
Ms(z)(yj − zj). (5)
j=1

5

The partial derivative of Ms(z) with respect to zj is derived as
follows:

∂

∂zj
Ms(z) = (

1
k

k∑
i=1

zsi )
1
s −1

1
k
zs−1j . (6)

By substituting yij = ∥xi−θj(t+1)∥22, zij = ∥xi−θj(t)∥
2
2, and the

partial derivative in (6) into inequality (5) and summing it from
i = 1, . . . , n, we have the following inequality:

fs(Θ(t + 1)) ≤

Independent of θj(t + 1)(j = 1, 2, . . . , k)  
fs (Θ(t))−

n∑
i=1

k∑
j=1

wij(t)
xi − θj(t)2

2

+

n∑
i=1

k∑
j=1

wij(t)∥xi − θj(t + 1)∥22, (7)

here t is the iteration index and wij(t) ∈ [0, 1] is the weight for
ample i to be assigned to cluster j at iteration t (i = 1, . . . , n; j =
, . . . , k) as defined below:

wij(t) =
1
k∥xi − θj(t)∥

2(s−1)
2

( 1k

k∑
∥xi − θl(t)∥2s2 )1−

1
s

. (8)
l=1
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Fig. 3. Snapshots of the objective function values in (1) value in the inner loop
(Steps 4–8) of CAPKM++ on the twelve datasets.

A majorization function is defined by the last term on the
right-hand side of (7). By zeroing the partial derivative of the
 t

6

Fig. 4. The convergent behavior of the CAPKM++ algorithm on the twelve
datasets.

majorization function with respect to θj(t + 1) for j = 1, . . . , k
o minimize f (Θ), the cluster center updating rule is derived as
s
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f

θ

Fig. 5. Monte Carlo test results of the CAPKM++ algorithm with several values of M and N on the twelve datasets.
ollows:

j(t + 1) =
1

n∑
wij(t)

n∑
i=1

wij(t)xi. (9)
i=1

7

The exponent s is reduced iteratively toward −∞, according
to a cooling schedule: From s(0) < 0, for t = 0, 1, . . . ;

s(t + 1) = ηs(t), (10)

where η > 1.
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k
d
f

Fig. 6. The clustering results of different clustering algorithms on Lymphoma mapped to planes using the t-SNE algorithm.
Fig. 7. The clustering results of different clustering algorithms on Satimage mapped to planes using the t-SNE algorithm.
It is worth mentioning that the clustering results by Power
-means are not globally optimal since the resulting clusters
epend heavily on the anchor points where the majorization
unctions locate.
8

2.4. Collaborative neurodynamic optimization

In global optimization, initial solutions are crucially impor-
tant. A hybrid intelligence framework, called collaborative
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ase.
SC HC CAPKM++

30.0177 ± 0 23.3898 ± 0 21.4986 ± 0
0.5196 ± 0 0.4548 ± 0 0.4243 ± 0
0.0469 ± 0 0.0238 ± 0 0.0168 ± 0
0.7666 ± 0 0.8152 ± 0 0.8634 ± 0
0.0957 ± 0 0.0751 ± 0 0.0565 ± 0
0.4858 ± 0 0.4136 ± 0 0.4289 ± 0
0.2905 ± 0 0.2132 ± 0 0.108 ± 0
0.2718 ± 0 0.283 ± 0 0.2853 ± 0
2.3772 ± 0 3.3341 ± 0 3.7154 ± 0
1.8239 ± 0 0.7898 ± 0 0.5894 ± 0
0.306 ± 0 0.4123 ± 0 0.4582 ± 0
0.0453 ± 0 0.0340 ± 0 0.0159 ± 0
0.0087 ± 0 0.0093 ± 0 0.0094 ± 0
0.0193 ± 0 0.0226 ± 0 0.0241 ± 0
20.4288 ± 0 35.7993 ± 0 172.0822 ± 0
1.5252 ± 0 1.2809 ± 0 1.1902 ± 0
0.8659 ± 0 1.2042 ± 0 1.3125 ± 0
4.2882 ± 0 3.3414 ± 0 3.0712 ± 0
0.4848 ± 0 0.7078 ± 0 0.6658 ± 0
0.6626 ± 0 0.6377 ± 0 0.6124 ± 0
0.404 ± 0 0.5382 ± 0 0.5045 ± 0

SC HC CAPKM++

14.1235 ± 0 13.4150 ± 0 13.4122 ± 0
0.4893 ± 0 0.3282 ± 0 0.3236 ± 0
0.0015 ± 0 0.0006 ± 0 0.0005 ± 0
0.9027 ± 0 0.9584 ± 0 0.9646 ± 0
0.4021 ± 0 0.0981 ± 0 0.0913 ± 0
0.1579 ± 0 0.1630 ± 0 0.1617 ± 0
1.9618 ± 0 0.6690 ± 0 0.6529 ± 0
0.0918 ± 0 0.1936 ± 0 0.1938 ± 0
0.0442 ± 0 0.0994 ± 0 0.0996 ± 0
0.1758 ± 0 0.0739 ± 0 0.0716 ± 0
0.6869 ± 0 0.7756 ± 0 0.7788 ± 0
0.1851 ± 0 0.1032 ± 0 0.0989 ± 0
0.0016 ± 0 0.0045 ± 0 0.0044 ± 0
0.0046 ± 0 0.0103 ± 0 0.0106 ± 0
0.6541 ± 0 2.8644 ± 0 3.1153 ± 0
0.3808 ± 0 0.5975 ± 0 0.5818 ± 0
−3.1189 ± 0 −2.309 ± 0 −2.3067 ± 0
7.0618 ± 0 6.7075 ± 0 6.7061 ± 0
0.598 ± 0 0.5984 ± 0 0.5987 ± 0
0.0225 ± 0 0.0218 ± 0 0.0214 ± 0
−0.0052 ± 0 −0.0049 ± 0 −0.0048 ± 0

9

Table 6
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on Segment and SpamB
Segment KM KM++ PKM PKM++ EWPKM

WGSS↓ 23.1881 ± 1.2563 22.9184 ± 0.9713 22.0185 ± 0.5957 22.2194 ± 0.6081 25.1188 ± 0.596
MRI↓ 0.4459 ± 0.0151 0.4430 ± 0.0129 0.4334 ± 0.0109 0.4383 ± 0.0124 0.4628 ± 0.008
GPI↓ 0.0215 ± 0.0038 0.0208 ± 0.0031 0.0188 ± 0.0025 0.0200 ± 0.003 0.0258 ± 0.0023
BHGI↑ 0.8516 ± 0.0156 0.8540 ± 0.0132 0.8558 ± 0.012 0.8497 ± 0.0149 0.8106 ± 0.0078
CI↓ 0.0613 ± 0.0057 0.0605 ± 0.0048 0.0596 ± 0.0045 0.0617 ± 0.0054 0.0775 ± 0.0028
TI↑ 0.4572 ± 0.0272 0.4544 ± 0.0220 0.4357 ± 0.0093 0.4369 ± 0.0085 0.4225 ± 0.0072
DGI↑ 0.0875 ± 0.0326 0.0864 ± 0.0271 0.0991 ± 0.0209 0.096 ± 0.0176 0.1012 ± 0.0121
RLI↑ 0.286 ± 0.0073 0.2889 ± 0.0088 0.2841 ± 0.0015 0.2838 ± 0.0014 0.2821 ± 0.0012
CHI↑ 3.3835 ± 0.2276 3.4308 ± 0.1877 3.6073 ± 0.1238 3.5657 ± 0.1262 3.0380 ± 0.0949
RTI↓ 0.6924 ± 0.0642 0.6967 ± 0.0992 0.6302 ± 0.0505 0.6528 ± 0.0555 2.1570 ± 1.5130
WGI↑ 0.4339 ± 0.0190 0.4374 ± 0.021 0.4432 ± 0.0180 0.4394 ± 0.0166 0.3457 ± 0.0212
DI↑ 0.0152 ± 0.0044 0.0159 ± 0.0044 0.0151 ± 0.0033 0.0149 ± 0.0027 0.0161 ± 0.0017
BHI↑ 0.0101 ± 0.0016 0.0102 ± 0.0015 0.0093 ± 0.0002 0.0092 ± 0.0002 0.0105 ± 0.0003
PBMI↑ 0.0226 ± 0.0011 0.0226 ± 0.0012 0.0238 ± 0.0006 0.0237 ± 0.0005 0.0210 ± 0.0006
XBI↓ 243.722 ± 124.8857 237.7285 ± 156.1841 245.4361 ± 198.2515 243.7731 ± 196.4317 195.8641 ± 73.9913
DBI↓ 1.2732 ± 0.0777 1.2497 ± 0.0890 1.2417 ± 0.0686 1.2466 ± 0.0613 1.7887 ± 0.2632
LSSRI↑ 1.2167 ± 0.0692 1.2314 ± 0.0548 1.2824 ± 0.0345 1.2708 ± 0.0352 1.1107 ± 0.0315
TWI↓ 3.3126 ± 0.1795 3.2741 ± 0.1388 3.1455 ± 0.0851 3.1742 ± 0.0869 3.5884 ± 0.0851
ACC↑ 0.5793 ± 0.0656 0.5931 ± 0.051 0.6246 ± 0.0523 0.6214 ± 0.0449 0.5848 ± 0.0378
NMI↑ 0.6072 ± 0.0138 0.6093 ± 0.0152 0.6066 ± 0.0132 0.6115 ± 0.0128 0.6251 ± 0.0172
ARI↑ 0.4594 ± 0.0425 0.4677 ± 0.0345 0.4795 ± 0.0344 0.4803 ± 0.0293 0.473 ± 0.0431

SpamBase KM KM++ PKM PKM++ EWPKM

WGSS↓ 13.6707 ± 0.2724 13.6938 ± 0.3615 13.6374 ± 0 13.6374 ± 0 14.0353 ± 0
MRI↓ 0.7574 ± 0.2370 0.6672 ± 0.2597 0.8998 ± 0 0.8998 ± 0 0.8797 ± 0
GPI↓ 0.1439 ± 0.0949 0.1051 ± 0.1022 0.2047 ± 0 0.2047 ± 0 0.1822 ± 0
BHGI↑ 0.3853 ± 0.3314 0.5208 ± 0.3631 0.1793 ± 0 0.1793 ± 0 0.2167 ± 0
CI↓ 0.3747 ± 0.1473 0.3439 ± 0.1796 0.436 ± 0 0.4360 ± 0 0.456 ± 0
TI↑ 0.1351 ± 0.0140 0.1426 ± 0.0476 0.1266 ± 0 0.1266 ± 0 0.1478 ± 0
DGI↑ 0.2464 ± 0.2864 0.3215 ± 0.3411 0.0450 ± 0 0.0450 ± 0 0.1827 ± 0
RLI↑ 0.1468 ± 0.0267 0.1477 ± 0.0371 0.1398 ± 0 0.1398 ± 0 0.1435 ± 0
CHI↑ 0.0792 ± 0.0207 0.0777 ± 0.0271 0.0814 ± 0 0.0814 ± 0 0.0508 ± 0
RTI↓ 2.1021 ± 1.2761 1.5711 ± 1.3873 2.9158 ± 0 2.9158 ± 0 3.6234 ± 0
WGI↑ 0.3699 ± 0.2297 0.4591 ± 0.2512 0.229 ± 0 0.229 ± 0 0.1957 ± 0
DI↑ 0.0315 ± 0.0404 0.0426 ± 0.0454 0.0042 ± 0 0.0042 ± 0 0.0194 ± 0
BHI↑ 0.0033 ± 0.0006 0.0035 ± 0.0009 0.0029 ± 0 0.0029 ± 0 0.0031 ± 0
PBMI↑ 0.0025 ± 0.0042 0.0038 ± 0.0048 0.0003 ± 0 0.0003 ± 0 0.0002 ± 0
XBI↓ 494.4740 ± 420.8625 402.0681 ± 452.6952 1288.1196 ± 0 1288.1196 ± 0 66.0743 ± 0
DBI↓ 2.2358 ± 0.9665 1.8316 ± 1.0813 2.8405 ± 0 2.8405 ± 0 3.2839 ± 0
LSSRI↑ −2.5957 ± 0.4157 −2.7453 ± 0.8702 −2.508 ± 0 −2.508 ± 0 −2.9805 ± 0
TWI↓ 6.8354 ± 0.1362 6.8469 ± 0.1808 6.8187 ± 0 6.8187 ± 0 7.0177 ± 0
ACC↑ 0.7403 ± 0.0927 0.6963 ± 0.1066 0.8001 ± 0 0.8001 ± 0 0.8162 ± 0
NMI↑ 0.1874 ± 0.1142 0.1446 ± 0.1195 0.2617 ± 0 0.2617 ± 0 0.3455 ± 0
ARI↑ 0.2495 ± 0.1685 0.1751 ± 0.1868 0.3586 ± 0 0.3586 ± 0 0.3926 ± 0
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ture.
HC CAPKM++

.9910 ± 0 23.7374 ± 0 21.5478 ± 0
738 ± 0 0.4167 ± 0 0.3973 ± 0
797 ± 0 0.0547 ± 0 0.0475 ± 0
547 ± 0 0.7583 ± 0 0.7871 ± 0
327 ± 0 0.0889 ± 0 0.0744 ± 0
450 ± 0 0.5102 ± 0 0.5257 ± 0
096 ± 0 0.061 ± 0 0.0327 ± 0
491 ± 0 0.2541 ± 0 0.2622 ± 0
952 ± 0 1.8244 ± 0 2.1114 ± 0
506 ± 0 0.5442 ± 0 0.4160 ± 0
25 ± 0 0.4269 ± 0 0.4978 ± 0
010 ± 0 0.0067 ± 0 0.0034 ± 0
055 ± 0 0.0059 ± 0 0.0068 ± 0
111 ± 0 0.0106 ± 0 0.0132 ± 0
16.1102 ± 0 261.8155 ± 0 651.1548 ± 0
918 ± 0 1.0082 ± 0 1.0206 ± 0
331 ± 0 0.6013 ± 0 0.7474 ± 0
982 ± 0 4.7475 ± 0 4.3096 ± 0
793 ± 0 0.5387 ± 0 0.5302 ± 0
737 ± 0 0.1578 ± 0 0.1506 ± 0
866 ± 0 0.1226 ± 0 0.1081 ± 0

HC CAPKM++

.6214 ± 0.822 17.3806 ± 0 15.5733 ± 0
109 ± 0.0082 0.3535 ± 0 0.3329 ± 0
24 ± 0.0019 0.0115 ± 0 0.0079 ± 0
988 ± 0.0122 0.8921 ± 0 0.9202 ± 0
699 ± 0.0047 0.0389 ± 0 0.0299 ± 0
9 ± 0.0033 0.4127 ± 0 0.4094 ± 0
276 ± 0.0052 0.2607 ± 0 0.0890 ± 0
703 ± 0.0019 0.2764 ± 0 0.2793 ± 0
935 ± 0.201 6.5713 ± 0 7.4499 ± 0
234 ± 0.1331 0.8343 ± 0 0.6145 ± 0
117 ± 0.0067 0.3707 ± 0 0.4122 ± 0
161 ± 0.0013 0.0464 ± 0 0.0156 ± 0
033 ± 0.0001 0.0038 ± 0 0.0035 ± 0
096 ± 0 0.0182 ± 0 0.0157 ± 0
.5394 ± 9.8879 12.0031 ± 0 83.1830 ± 0
900 ± 0.0489 1.2158 ± 0 1.1767 ± 0
271 ± 0.0430 1.8827 ± 0 2.0082 ± 0
656 ± 0.0747 1.5801 ± 0 1.4158 ± 0
472 ± 0.0017 0.6258 ± 0 0.5711 ± 0
588 ± 0.0116 0.6666 ± 0 0.6317 ± 0
23 ± 0.0162 0.4884 ± 0 0.4604 ± 0

10
Table 7
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on PageBlocks and Tex
PageBlocks KM KM++ PKM PKM++ EWPKM SC

WGSS↓ 21.8359 ± 0.5068 22.1510 ± 0.6750 21.6410 ± 0.0478 21.6002 ± 0.0594 42.8807 ± 0 27
MRI↓ 0.4071 ± 0.006 0.4082 ± 0.0069 0.4069 ± 0.0049 0.4027 ± 0.0061 0.5267 ± 0 0.4
GPI↓ 0.0505 ± 0.0022 0.0516 ± 0.003 0.0501 ± 0.0013 0.049 ± 0.0016 0.0896 ± 0 0.0
BHGI↑ 0.7601 ± 0.0170 0.7638 ± 0.0156 0.7566 ± 0.0155 0.7698 ± 0.0193 0.6192 ± 0 0.6
CI↓ 0.0836 ± 0.0055 0.0833 ± 0.0055 0.0842 ± 0.0050 0.0799 ± 0.0062 0.2049 ± 0 0.1
TI↑ 0.4941 ± 0.0237 0.5053 ± 0.0224 0.4859 ± 0.0202 0.5032 ± 0.0251 0.4248 ± 0 0.4
DGI↑ 0.0265 ± 0.0069 0.0267 ± 0.0067 0.0324 ± 0.0002 0.0325 ± 0.0002 0.0098 ± 0 0.0
RLI↑ 0.2584 ± 0.0040 0.2654 ± 0.0142 0.2568 ± 0.0027 0.2591 ± 0.0034 0.3118 ± 0 0.2
CHI↑ 2.0719 ± 0.0682 2.0294 ± 0.0912 2.0981 ± 0.0069 2.1039 ± 0.0085 0.5635 ± 0 1.3
RTI↓ 0.6501 ± 0.184 0.5632 ± 0.1742 0.7193 ± 0.1552 0.5866 ± 0.1927 0.7699 ± 0 1.4
WGI↑ 0.4656 ± 0.0261 0.4806 ± 0.0266 0.4558 ± 0.0214 0.4741 ± 0.0266 0.429 ± 0 0.4
DI↑ 0.0027 ± 0.0008 0.0033 ± 0.0011 0.0032 ± 0.0001 0.0033 ± 0.0001 0.0025 ± 0 0.0
BHI↑ 0.0062 ± 0.0008 0.0074 ± 0.002 0.0059 ± 0.0005 0.0063 ± 0.0006 0.0217 ± 0 0.0
PBMI↑ 0.0110 ± 0.0014 0.0131 ± 0.0062 0.0110 ± 0.0011 0.0120 ± 0.0014 0.0093 ± 0 0.0
XBI↓ 1582.8607 ± 1012.0129 1219.3413 ± 902.5958 848.1899 ± 101.0761 761.9876 ± 125.7117 3453.5833 ± 0 97
DBI↓ 1.0210 ± 0.0261 1.0073 ± 0.0669 1.0240 ± 0.0015 1.0226 ± 0.0017 1.5355 ± 0 1.0
LSSRI↑ 0.7279 ± 0.0340 0.7067 ± 0.0454 0.741 ± 0.0033 0.7438 ± 0.0041 −0.5736 ± 0 0.3
TWI↓ 4.3672 ± 0.1014 4.4302 ± 0.1350 4.3282 ± 0.0096 4.32 ± 0.0119 8.5761 ± 0 5.5
ACC↑ 0.4549 ± 0.0622 0.4882 ± 0.0619 0.4325 ± 0.0496 0.4748 ± 0.0618 0.7178 ± 0 0.4
NMI↑ 0.1536 ± 0.0075 0.158 ± 0.0089 0.1522 ± 0.0010 0.1514 ± 0.0012 0.0972 ± 0 0.1
ARI↑ 0.0978 ± 0.0104 0.1046 ± 0.0114 0.0933 ± 0.0074 0.0996 ± 0.0091 0.0570 ± 0 0.0

Texture KM KM++ PKM PKM++ EWPKM SC

WGSS↓ 16.2806 ± 0.8137 15.9375 ± 0.5631 15.6271 ± 0.0031 15.6107 ± 0.02 15.7883 ± 0.0003 21
MRI↓ 0.3414 ± 0.0114 0.3378 ± 0.0081 0.3339 ± 0.0001 0.3334 ± 0.0005 0.3343 ± 0 0.4
GPI↓ 0.0094 ± 0.0018 0.0088 ± 0.0013 0.0082 ± 0 0.0081 ± 0.0001 0.0082 ± 0 0.0
BHGI↑ 0.9023 ± 0.0134 0.9099 ± 0.0116 0.9138 ± 0.0001 0.9145 ± 0.0009 0.9134 ± 0 0.7
CI↓ 0.0364 ± 0.0047 0.0334 ± 0.0040 0.0323 ± 0.0001 0.0321 ± 0.0003 0.0327 ± 0 0.0
TI↑ 0.3944 ± 0.0098 0.4015 ± 0.0150 0.3974 ± 0.0003 0.3977 ± 0.0008 0.3966 ± 0 0.3
DGI↑ 0.1156 ± 0.0196 0.1216 ± 0.0277 0.0891 ± 0.0120 0.1038 ± 0.0213 0.1064 ± 0.0001 0.1
RLI↑ 0.2781 ± 0.0013 0.2789 ± 0.0007 0.2793 ± 0 0.2792 ± 0.0001 0.2795 ± 0 0.2
CHI↑ 7.1011 ± 0.3862 7.2661 ± 0.2768 7.4209 ± 0.0017 7.4297 ± 0.0108 7.3349 ± 0.0002 5.0
RTI↓ 1.0790 ± 0.5693 0.7392 ± 0.0896 0.7736 ± 0.0396 0.6885 ± 0.1221 0.6419 ± 0.0002 2.2
WGI↑ 0.4007 ± 0.021 0.4107 ± 0.0101 0.4077 ± 0.0003 0.4078 ± 0.0007 0.4009 ± 0.0001 0.3
DI↑ 0.0182 ± 0.0045 0.0218 ± 0.0047 0.0172 ± 0.0019 0.0177 ± 0.0017 0.0190 ± 0 0.0
BHI↑ 0.0033 ± 0.0002 0.0035 ± 0.0002 0.0036 ± 0.0001 0.0035 ± 0.0001 0.0035 ± 0 0.0
PBMI↑ 0.0140 ± 0.0016 0.0164 ± 0.0017 0.0180 ± 0.0003 0.0165 ± 0.0019 0.0171 ± 0 0.0
XBI↓ 57.9946 ± 20.2405 50.3353 ± 23.5672 76.5522 ± 14.4527 64.5991 ± 19.5411 51.7592 ± 0.0010 67
DBI↓ 1.2280 ± 0.0617 1.1969 ± 0.0305 1.1965 ± 0.0083 1.1947 ± 0.0073 1.1875 ± 0.0003 1.4
LSSRI↑ 1.9588 ± 0.0559 1.9825 ± 0.0393 2.0043 ± 0.0002 2.0055 ± 0.0015 1.9926 ± 0 1.6
TWI↓ 1.4801 ± 0.074 1.4489 ± 0.0512 1.4206 ± 0.0003 1.4192 ± 0.0018 1.4353 ± 0 1.9
ACC↑ 0.5854 ± 0.0683 0.598 ± 0.046 0.6104 ± 0.0109 0.6035 ± 0.0132 0.5636 ± 0.0002 0.6
NMI↑ 0.6327 ± 0.0268 0.6345 ± 0.0161 0.6296 ± 0.0002 0.6319 ± 0.0029 0.6063 ± 0.0002 0.7
ARI↑ 0.4715 ± 0.052 0.4784 ± 0.0339 0.4785 ± 0.0034 0.4761 ± 0.0046 0.4469 ± 0.0001 0.5
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eurodynamic optimization, is proposed for global optimiza-
ion [59–62] by employing multiple modules or models (e.g., neu-
al networks) for scattered searches coordinated by using a
eta-heuristic rule for repositioning initial solutions. Integrating

he scatter search capability of multiple neurodynamic models
ogether with the global search capability of meta-heuristics, the
ollaborative neurodynamic optimization approach is proved to
e almost surely convergent to global optima of optimization
roblems [59–63], and extended for multi-objective optimiza-
ion [64,65], and combinatorial and mixed-integer optimization
62,63].

Several collaborative neurodynamic optimization paradigms
ave been developed for various applications such as model
redictive control [66], nonnegative matrix factorization [67,68],
ehicle-task assignment [69], stock portfolio selection [70], spik-
ng neural network regularization [71], hash bit selection [72],
nd balanced clustering [29].

. CAPKM++

The collaborative annealing power k-means++ clustering
CAPKM++) algorithm starts with initial cluster centers selected
sing k-means++, generates N sets of alternative centers using
ower k-means, and updates the centers using a meta-heuristic
ule for the subsequential regeneration of the centers repeatedly
sing Power k-means until no more improvement can be made.
As in most existing collaborative neurodynamic optimization

aradigms, CAPKM++ uses the particle swarm optimization (PSO)
ule defined in [73] as follows:

i(t + 1) = c0vi(t)+ c1r1(p∗i − pi(t))+ c2r2(p∗ − pi(t)), (11a)

i(t + 1) = pi(t)+ vi(t + 1), (11b)

where pi(t) is the position of the ith particle at the tth iteration,
vi(t) is the velocity of the ith particle at the tth iteration, p∗i (t) is
the present best position in terms of a given objective function
for the ith particle, p∗(t) is the best position of the population, c0
is a positive inertia parameter, c1, c2 are two positive acceleration
constants, and r1, r2 ∈ [0, 1] are two random numbers.

The clustering performance of CAPKM++ depends heavily on
the diversity of generated cluster centers. To enhance the diver-
sity of alternative clusters, annealing parameters (i.e., s(0) and η)
in CAPKM++ are randomly generated in given ranges. In addition,
a mutation operation is used in CAPKM++ to ensure a certain level
of diversity. Specifically, if the diversity measure of the cluster
centers matrix of different modules is low, a mutation operation
is performed. A diversity measure is defined by:

δ(Θ) =
1
Nn

N∑
j=1

∥Θ (j)
−Θ∗∥2, (12)

where Θ∗ is the best cluster centers matrix among the N mod-
ules.

A wavelet mutation operator is used to diversify cluster cen-
ters to maintain the diversity of the cluster centers matrix. If the
diversity is lower than a threshold (i.e., δ(Θ) < ε), the following
wavelet mutation operation is performed:

θi(t + 1) =
{
θi(t)+ τ (θ i − θi(t)) τ > 0,
θi(t)+ τ (θi(t)− θ i) τ < 0,

(13)

here θ i and θ i are an upper bound and lower bound of the
earching space of ith particle, and τ is defined by a wavelet
unction:

=
1
√ exp−

1
(
ψ

)2 cos(
5ψ

),

a 2 a a

11
where ψ is randomly generated form interval [−2.5a, 2.5a], a =
exp 10(ℓ/ℓmax), and ℓmax is the maximum iteration.

There are two hyperparameters (i.e., N and M) in CAPKM++,
where N is the number of alternative centers generated andM is a
termination criterion (i.e., if the best centers do not change for M
times consecutively, the algorithm stops). These hyperparameters
depend on the geometric shape and dimensionality of the given
dataset. Usually, the more complex the data distribution is, or the
larger the dataset is, the larger N and M need to be used.

Algorithm 1: CAPKM++
Input: Population size N , initial centers , velocity vector

v(i) ∈ [−1, 1]mk, termination criterion M ,
termination counter l, penalty parameter ρ,
particle/group best centers Θ (i)/ Θ∗,
f (Θ (i), w(i)) = f (Θ∗, w∗) = ∞, lower bound of
initial power s(0), upper/lower bound of decrease
rate η/η, PSO-based parameters c0, c1 and c2, input
data X ∈ Rn×m .

Output: w∗.
1 Select the initial centers [Θ (1)

0 , ...,Θ
(N)
0 ] ∈ {0, 1}

mk×N

according to Eq. (3) while l ≤ M do
2 for i = 1 to N do
3 Generate s(0) and η randomly in the range of [s, 0)

and [η, η], respectively;
4 repeat
5 Update weights w according to Eq. (8);
6 Update centers Θ according to Eq. (9);
7 Reduce the power parameter s according to

Eq. (10);
8 until centers Θ converge;
9 Θ̄ (i)

← Θ;
10 w̄(i)

← w;
11 if f (Θ̄ (i), w̄(i)) < f (Θ (i), w(i)) then
12 Θ (i)

← Θ̄ (i);
13 w(i)

← w̄(i);
14 end
15 end
16 i∗ = argmini{f (Θ (1)), ..., f (Θ (i)), ..., f (Θ (N)

};
17 if f (Θ (i∗), w(i∗)) < f (Θ∗, w∗) then
18 Θ∗ ← Θ (i∗);
19 w∗ ← w(i∗);
20 l← 0;
21 else
22 l← l+ 1;
23 end
24 for i = 1 to N do
25 Update velocity according to Eq. (11a);
26 Update centers according to Eq. (11b);
27 end
28 Compute diversity δ(x) according to Eq. (12);
29 if δ(q) < ε then
30 Perform mutation according to Eq. (13);
31 end
32 end
33 return w∗.

Fig. 1 illustrates a flow chart of the CAPKM++ algorithm. Al-
gorithm 1 details the pseudo-codes of the CAPKM++ algorithm.
In steps 2–8, multiple power k-means clustering modules are
employed to generate alternative clustering results. In step 3, an
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Table 8
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on Optdigits and Satimage
Optdigits KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 236.9533 ± 1.6034 237.318 ± 2.583 235.6059 ± 1.1878 235.0509 ± 0.1682 395.162 ± 0.9684 246.8457 ± 0.3274 243.8351 ± 0 234.8252 ± 0
MRI↓ 0.7171 ± 0.0055 0.7172 ± 0.0081 0.7126 ± 0.0039 0.7107 ± 0.0003 0.9433 ± 0.0016 0.7286 ± 0.0016 0.7253 ± 0 0.7111 ± 0
GPI↓ 0.0181 ± 0.0012 0.0183 ± 0.0022 0.0172 ± 0.0009 0.0168 ± 0 0.1924 ± 0.0049 0.0233 ± 0.0005 0.0218 ± 0 0.0168 ± 0
BHGI↑ 0.8204 ± 0.0121 0.8163 ± 0.0192 0.8240 ± 0.0084 0.8241 ± 0.0050 0.1982 ± 0.0067 0.7781 ± 0.0036 0.7862 ± 0 0.8307 ± 0
CI↓ 0.1129 ± 0.0075 0.1154 ± 0.0108 0.1108 ± 0.0054 0.1114 ± 0.0041 0.3788 ± 0.0050 0.1255 ± 0.0015 0.1245 ± 0 0.1059 ± 0
TI↑ 0.3689 ± 0.0145 0.3643 ± 0.0138 0.3644 ± 0.0114 0.3601 ± 0.0075 0.1373 ± 0.0036 0.3567 ± 0.0004 0.3552 ± 0 0.3701 ± 0
DGI↑ 0.492 ± 0.0323 0.5085 ± 0.0367 0.4606 ± 0.0414 0.4526 ± 0.0304 0.3662 ± 0.0458 0.6653 ± 0.0106 0.6114 ± 0 0.4135 ± 0
RLI↑ 0.1819 ± 0.0013 0.1814 ± 0.0016 0.1820 ± 0.0007 0.182 ± 0.0001 0.128 ± 0.0012 0.1784 ± 0.0001 0.1791 ± 0 0.1821 ± 0
CHI↑ 0.8166 ± 0.0122 0.8139 ± 0.0194 0.8270 ± 0.0091 0.8312 ± 0.0013 0.0893 ± 0.0027 0.7437 ± 0.0023 0.7653 ± 0 0.8330 ± 0
RTI↓ 1.4678 ± 0.5448 1.5858 ± 0.5395 1.4152 ± 0.3272 1.5324 ± 0.2959 18.2051 ± 1.7927 1.0352 ± 0.0013 1.0956 ± 0 1.1414 ± 0
WGI↑ 0.2803 ± 0.0077 0.2769 ± 0.0096 0.2837 ± 0.0058 0.2829 ± 0.0057 0.0090 ± 0.0025 0.2739 ± 0.0004 0.2671 ± 0 0.2904 ± 0
DI↑ 0.141 ± 0.0131 0.145 ± 0.0128 0.1286 ± 0.0145 0.1251 ± 0.0085 0.1101 ± 0.0137 0.1741 ± 0.0026 0.1692 ± 0 0.1139 ± 0
BHI↑ 0.0416 ± 0.0004 0.0418 ± 0.0004 0.0417 ± 0.0002 0.0418 ± 0.0001 0.0573 ± 0.0006 0.042 ± 0.0001 0.0426 ± 0 0.0417 ± 0
PBMI↑ 0.0025 ± 0.0001 0.0025 ± 0.0001 0.0025 ± 0.0001 0.0025 ± 0 0.0017 ± 0.0001 0.0031 ± 0 0.0026 ± 0 0.0025 ± 0
XBI↓ 7.4884 ± 1.1402 6.9387 ± 0.978 8.7396 ± 1.6241 8.9998 ± 1.2776 15.4608 ± 4.1079 4.0564 ± 0.1156 4.3805 ± 0 10.6967 ± 0
DBI↓ 1.8833 ± 0.0823 1.9158 ± 0.0877 1.8916 ± 0.0598 1.9111 ± 0.0423 4.9698 ± 0.2531 1.8365 ± 0.0051 1.9093 ± 0 1.8541 ± 0
LSSRI↑ −0.2027 ± 0.0151 −0.2061 ± 0.0243 −0.1901 ± 0.0111 −0.1848 ± 0.0016 −2.4166 ± 0.0301 −0.2961 ± 0.0031 −0.2675 ± 0 −0.1827 ± 0
TWI↓ 23.6953 ± 0.1603 23.7318 ± 0.2583 23.5606 ± 0.1188 23.5051 ± 0.0168 39.5162 ± 0.0968 24.6846 ± 0.0327 24.3835 ± 0 23.4825 ± 0
ACC↑ 0.7513 ± 0.0597 0.7506 ± 0.0512 0.7856 ± 0.0413 0.7988 ± 0.0049 0.1738 ± 0.004 0.8264 ± 0.0003 0.8089 ± 0 0.7913 ± 0
NMI↑ 0.7304 ± 0.0271 0.7273 ± 0.0229 0.7468 ± 0.0188 0.7509 ± 0.0048 0.1358 ± 0.001 0.8709 ± 0.0006 0.8250 ± 0 0.7560 ± 0
ARI↑ 0.6259 ± 0.061 0.6281 ± 0.0508 0.6621 ± 0.0427 0.6764 ± 0.0036 0.0151 ± 0.0012 0.7797 ± 0.0003 0.7170 ± 0 0.6702 ± 0

Satimage KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 44.353 ± 0.8238 44.6675 ± 1.0231 44.4344 ± 0.8616 44.2245 ± 0.6462 91.7690 ± 3.8351 49.1358 ± 0 51.3763 ± 0 44.0144 ± 0
MRI↓ 0.3844 ± 0.0041 0.3863 ± 0.0056 0.3853 ± 0.0051 0.3841 ± 0.0038 0.5708 ± 0.0090 0.421 ± 0 0.4071 ± 0 0.3829 ± 0
GPI↓ 0.0145 ± 0.0007 0.0148 ± 0.0009 0.0146 ± 0.0009 0.0144 ± 0.0006 0.0566 ± 0.0009 0.0236 ± 0 0.0201 ± 0 0.0142 ± 0
BHGI↑ 0.893 ± 0.0016 0.8921 ± 0.0026 0.8923 ± 0.0025 0.8929 ± 0.0019 0.5767 ± 0.0148 0.8303 ± 0 0.8541 ± 0 0.8934 ± 0
CI↓ 0.0441 ± 0.0007 0.0445 ± 0.001 0.0444 ± 0.001 0.0441 ± 0.0008 0.1726 ± 0.0076 0.0682 ± 0 0.0589 ± 0 0.0439 ± 0
TI↑ 0.4644 ± 0.0063 0.4667 ± 0.0078 0.4651 ± 0.0065 0.4635 ± 0.0049 0.2986 ± 0.0156 0.4376 ± 0 0.4481 ± 0 0.4617 ± 0
DGI↑ 0.34 ± 0.0429 0.3305 ± 0.0522 0.3359 ± 0.0369 0.3449 ± 0.0277 0.2391 ± 0.0319 0.3395 ± 0 0.3518 ± 0 0.3539 ± 0
RLI↑ 0.3385 ± 0.0004 0.3384 ± 0.0004 0.3386 ± 0.0003 0.3386 ± 0.0002 0.3046 ± 0.0031 0.3343 ± 0 0.3310 ± 0 0.3387 ± 0
CHI↑ 4.2644 ± 0.0944 4.2283 ± 0.1174 4.2549 ± 0.0991 4.2791 ± 0.0743 1.5479 ± 0.1104 3.7505 ± 0 3.5433 ± 0 4.3032 ± 0
RTI↓ 0.4456 ± 0.0271 0.4385 ± 0.0317 0.4405 ± 0.0237 0.4463 ± 0.0178 3.6837 ± 0.7308 0.5033 ± 0 0.605 ± 0 0.4536 ± 0
WGI↑ 0.481 ± 0.0034 0.4789 ± 0.0057 0.4796 ± 0.0058 0.481 ± 0.0044 0.1162 ± 0.0067 0.4515 ± 0 0.4019 ± 0 0.4823 ± 0
DI↑ 0.0633 ± 0.0024 0.0632 ± 0.0034 0.0626 ± 0.0018 0.063 ± 0.0013 0.0373 ± 0.0016 0.0603 ± 0 0.055 ± 0 0.0635 ± 0
BHI↑ 0.0077 ± 0.0005 0.0078 ± 0.0005 0.0076 ± 0.0003 0.0076 ± 0.0002 0.0133 ± 0.0009 0.0076 ± 0 0.0086 ± 0 0.0075 ± 0
PBMI↑ 0.0256 ± 0.0004 0.0257 ± 0.0005 0.0258 ± 0.0002 0.0258 ± 0.0002 0.0110 ± 0.0009 0.0245 ± 0 0.0219 ± 0 0.0257 ± 0
XBI↓ 11.1579 ± 1.1594 11.3685 ± 1.6075 11.4392 ± 1.0936 11.1727 ± 0.8202 27.6036 ± 2.9885 12.1163 ± 0 9.5751 ± 0 10.9062 ± 0
DBI↓ 1.0299 ± 0.0601 1.0527 ± 0.0765 1.0343 ± 0.064 1.0187 ± 0.048 2.4885 ± 0.0928 1.026 ± 0 1.1769 ± 0 1.0041 ± 0
LSSRI↑ 1.4501 ± 0.0226 1.4414 ± 0.0281 1.4478 ± 0.0237 1.4536 ± 0.0178 0.4346 ± 0.0693 1.3219 ± 0 1.2651 ± 0 1.4594 ± 0
TWI↓ 6.3361 ± 0.1177 6.3811 ± 0.1462 6.3478 ± 0.1231 6.3178 ± 0.0923 13.1099 ± 0.5479 7.0194 ± 0 7.3395 ± 0 6.2878 ± 0
ACC↑ 0.7048 ± 0.0267 0.6924 ± 0.0370 0.6984 ± 0.0349 0.7069 ± 0.0262 0.4557 ± 0.0089 0.6855 ± 0 0.6828 ± 0 0.7152 ± 0
NMI↑ 0.6292 ± 0.007 0.6259 ± 0.0102 0.6276 ± 0.0100 0.6301 ± 0.0075 0.3729 ± 0.0042 0.6340 ± 0 0.6041 ± 0 0.6324 ± 0
ARI↑ 0.5621 ± 0.0172 0.5543 ± 0.0238 0.5588 ± 0.0226 0.5643 ± 0.0169 0.2452 ± 0.0025 0.5032 ± 0 0.5488 ± 0 0.5694 ± 0
w

initial exponent s(0) and discount factor η are randomly gener-
ted in given ranges. In steps 11–14, the best set of centers is
etermined via winner-takes-all. In steps 16–23, the best matrix
f cluster centers is determined. In steps 24–27, the centers are
e-initialized using the PSO rule. In step 28, the diversity of the
enters among alternative solutions is measured. In steps 29–31,
wavelet mutation operation is carried out, where ε in step 22

s a threshold.

. Experiments

.1. Performance criteria

Nineteen internal cluster validity indices in Table 3 and
hree external indices are used to evaluate the clustering
erformance.
Accuracy (ACC) is defined as the ratio of the number of cor-

ectly assigned sample points to the total number of sample
oints, and it is stated as follows [74]:

CC =
# of correct decisions

,

# of total decisions f

12
Let L denotes the set of cluster labels and L̂ denotes the set of
clusters obtained from a given clustering algorithm. Their mutual
information is defined as follows:

MI(L, L̂) =
∑

li∈L,l̂j∈L̂

p(li, l̂j) log
p(li, l̂j)

p(li)p(l̂j)
,

where p(li) and p(l̂j) are the probabilities that an arbitrary sample
of the dataset belongs to the clusters li and l̂j, respectively. p(li, l̂j)
is the joint probability that the clusters li as well as l̂j. The
probabilities are estimated from the given datasets.

Normalized mutual information (NMI) [74] is a normalization
of the mutual information (MI) score to scale the results between
0 (no mutual information) and 1 (perfect correlation). It is defined
as follows:

NMI(L, L̂) =
MI(L, L̂)√
H(L) · H(L̂)

,

here H(X) = −
∑

xi∈X
p(xi) log p(xi) is the entropy of the clusters

or X .
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Table 9
The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++ and seven baselines on COIL2000 and Penbased.
COIL2000 KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 222.9596 ± 0.0053 222.9601 ± 0.0052 222.9554 ± 0 222.9554 ± 0 251.1241 ± 0 264.0148 ± 0.0146 229.2226 ± 0 222.9522 ± 0
MRI↓ 0.8286 ± 0.0004 0.8286 ± 0.0004 0.829 ± 0 0.829 ± 0 0.948 ± 0 0.9995 ± 0.0003 0.8565 ± 0 0.8292 ± 0
GPI↓ 0.1225 ± 0.0001 0.1225 ± 0.0001 0.1226 ± 0 0.1226 ± 0 0.2154 ± 0 0.2499 ± 0.0002 0.1443 ± 0 0.1225 ± 0
BHGI↑ 0.5015 ± 0.0007 0.5016 ± 0.0007 0.5007 ± 0 0.5007 ± 0 0.1384 ± 0 0.0006 ± 0.0006 0.4137 ± 0 0.5003 ± 0
CI↓ 0.2325 ± 0.0008 0.2324 ± 0.0008 0.2333 ± 0 0.2333 ± 0 0.4233 ± 0 0.4993 ± 0.0004 0.2805 ± 0 0.2337 ± 0
TI↑ 0.3516 ± 0.0008 0.3517 ± 0.0008 0.3508 ± 0 0.3508 ± 0 0.0978 ± 0 0.0004 ± 0.0004 0.2902 ± 0 0.3504 ± 0
DGI↑ 0.1614 ± 0.0692 0.153 ± 0.0618 0.2955 ± 0 0.2955 ± 0 0.4408 ± 0 0.4783 ± 0.0014 0.5772 ± 0 0.1286 ± 0
RLI↑ 0.1863 ± 0.0004 0.1863 ± 0.0004 0.1861 ± 0 0.1861 ± 0 0.1081 ± 0 0.0113 ± 0.0026 0.1658 ± 0 0.1859 ± 0
CHI↑ 0.1843 ± 0 0.1843 ± 0 0.1843 ± 0 0.1843 ± 0 0.0515 ± 0 0.0004 ± 0.0002 0.1519 ± 0 0.1844 ± 0
RTI↓ 1.1797 ± 0.0090 1.1807 ± 0.0086 1.1743 ± 0 1.1743 ± 0 4.8548 ± 0 967.3506 ± 660.5126 1.4395 ± 0 1.1693 ± 0
WGI↑ 0.2685 ± 0.0017 0.2683 ± 0.0016 0.2696 ± 0 0.2696 ± 0 0.1035 ± 0 0.0009 ± 0.0005 0.2384 ± 0 0.2704 ± 0
DI↑ 0.0347 ± 0.0147 0.0329 ± 0.0131 0.0633 ± 0 0.0633 ± 0 0.0982 ± 0 0.1087 ± 0.001 0.121 ± 0 0.0275 ± 0
BHI↑ 0.0229 ± 0.0001 0.0229 ± 0 0.0229 ± 0 0.0229 ± 0 0.0256 ± 0 0.0269 ± 0 0.0233 ± 0 0.0228 ± 0
PBMI↑ 0.0057 ± 0 0.0057 ± 0 0.0057 ± 0 0.0057 ± 0 0.0014 ± 0 0 ± 0 0.0047 ± 0 0.0058 ± 0
XBI↓ 103.4457 ± 41.1282 108.4566 ± 36.7143 23.2723 ± 0 23.2723 ± 0 10.6284 ± 0 9.0988 ± 0.0213 6.2858 ± 0 123.484 ± 0
DBI↓ 2.1258 ± 0.0106 2.1269 ± 0.0100 2.1192 ± 0 2.1192 ± 0 4.2882 ± 0 58.0145 ± 18.2979 2.3327 ± 0 2.1134 ± 0
LSSRI↑ −1.6912 ± 0.0002 −1.6912 ± 0.0001 −1.6910 ± 0 −1.6910 ± 0 −2.9666 ± 0 −8.0848 ± 0.5934 −1.8842 ± 0 −1.6911 ± 0
TWI↓ 111.4798 ± 0.0027 111.4801 ± 0.0026 111.4777 ± 0 111.4777 ± 0 125.562 ± 0 131.9784 ± 0.0267 114.6113 ± 0 111.4761 ± 0
ACC↑ 0.6797 ± 0.004 0.6792 ± 0.0038 0.6821 ± 0 0.6821 ± 0 0.5228 ± 0 0.504 ± 0.0033 0.6742 ± 0 0.6842 ± 0
NMI↑ 0.011 ± 0.0001 0.011 ± 0.0001 0.0111 ± 0 0.0111 ± 0 0.0221 ± 0 0.0002 ± 0.0002 0.0087 ± 0 0.0111 ± 0
ARI↑ 0.0313 ± 0.0010 0.0312 ± 0.0009 0.0319 ± 0 0.0319 ± 0 0.0018 ± 0 0 ± 0.0001 0.027 ± 0 0.0322 ± 0
Penbased KM KM++ PKM PKM++ EWPKM SC HC CAPKM++

WGSS↓ 317.5451 ± 5.4898 318.28 ± 7.002 317.3646 ± 4.125 319.1628 ± 3.8478 1021.8032 ± 0 396.8291 ± 0 322.8555 ± 0 308.1344 ± 0
MRI↓ 0.5083 ± 0.0078 0.5114 ± 0.0132 0.5036 ± 0.0025 0.5045 ± 0.0031 0.5932 ± 0 0.5932 ± 0 0.5122 ± 0 0.4995 ± 0
GPI↓ 0.0096 ± 0.0011 0.0102 ± 0.0018 0.0098 ± 0.0005 0.0100 ± 0.0005 0.0274 ± 0 0.0274 ± 0 0.0101 ± 0 0.0078 ± 0
BHGI↑ 0.908 ± 0.0131 0.902 ± 0.0146 0.8962 ± 0.0059 0.8939 ± 0.0058 0.8028 ± 0 0.8028 ± 0 0.9099 ± 0 0.9282 ± 0
CI↓ 0.0723 ± 0.0113 0.0773 ± 0.0108 0.0829 ± 0.0035 0.0845 ± 0.0032 0.1179 ± 0 0.1179 ± 0 0.0654 ± 0 0.0565 ± 0
TI↑ 0.4157 ± 0.0187 0.4109 ± 0.0172 0.3900 ± 0.0050 0.3881 ± 0.0044 0.4234 ± 0 0.4234 ± 0 0.431 ± 0 0.4335 ± 0
DGI↑ 0.1536 ± 0.0048 0.1508 ± 0.0086 0.1533 ± 0.0071 0.1505 ± 0.0056 0.3336 ± 0 0.3336 ± 0 0.2361 ± 0 0.1542 ± 0
RLI↑ 0.2545 ± 0.0012 0.2543 ± 0.0016 0.2545 ± 0.0008 0.2543 ± 0.0008 0.2381 ± 0 0.2381 ± 0 0.2539 ± 0 0.2562 ± 0
CHI↑ 2.2187 ± 0.0554 2.2118 ± 0.0693 2.2202 ± 0.0417 2.202 ± 0.0388 1.5749 ± 0 1.5749 ± 0 2.1649 ± 0 2.3161 ± 0
RTI↓ 0.8736 ± 0.1768 0.9673 ± 0.1305 0.9858 ± 0.0437 0.9699 ± 0.0423 1.328 ± 0 1.328 ± 0 0.583 ± 0 0.6533 ± 0
WGI↑ 0.4182 ± 0.0185 0.4153 ± 0.0124 0.4028 ± 0.0066 0.4014 ± 0.0056 0.3582 ± 0 0.3582 ± 0 0.4201 ± 0 0.4383 ± 0
DI↑ 0.0336 ± 0.0016 0.0330 ± 0.0016 0.0336 ± 0.0019 0.0333 ± 0.0018 0.0761 ± 0 0.0761 ± 0 0.0523 ± 0 0.0358 ± 0
BHI↑ 0.029 ± 0.0008 0.0289 ± 0.0009 0.0295 ± 0.0005 0.0297 ± 0.0005 0.0297 ± 0 0.0297 ± 0 0.0289 ± 0 0.0283 ± 0
PBMI↑ 0.0108 ± 0.0008 0.0106 ± 0.0007 0.0107 ± 0.0006 0.0106 ± 0.0006 0.0113 ± 0 0.0113 ± 0 0.0121 ± 0 0.012 ± 0
XBI↓ 69.3926 ± 4.1607 71.3386 ± 5.8851 66.9503 ± 0.8702 67.3297 ± 0.8117 10.8986 ± 0 10.8986 ± 0 26.5508 ± 0 65.0032 ± 0
DBI↓ 1.3362 ± 0.0711 1.3461 ± 0.0569 1.4207 ± 0.0339 1.4361 ± 0.0117 1.4269 ± 0 1.4269 ± 0 1.2659 ± 0 1.2696 ± 0
LSSRI↑ 0.7966 ± 0.0251 0.7933 ± 0.0318 0.7974 ± 0.0188 0.7892 ± 0.0176 0.4542 ± 0 0.4542 ± 0 0.7724 ± 0 0.8399 ± 0
TWI↓ 31.7545 ± 0.549 31.828 ± 0.7002 31.7365 ± 0.4125 31.9163 ± 0.3848 39.6829 ± 0 39.6829 ± 0 32.2856 ± 0 30.8134 ± 0
ACC↑ 0.6853 ± 0.0423 0.6939 ± 0.0440 0.7431 ± 0.0154 0.7364 ± 0.0156 0.1041 ± 0 0.7248 ± 0 0.682 ± 0 0.6671 ± 0
NMI↑ 0.6802 ± 0.0097 0.6817 ± 0.0144 0.6947 ± 0.0107 0.6968 ± 0.0116 0 ± 0 0.7851 ± 0 0.7284 ± 0 0.6821 ± 0
ARI↑ 0.5468 ± 0.0320 0.5541 ± 0.0396 0.5981 ± 0.0228 0.6016 ± 0.0254 0 ± 0 0.5665 ± 0 0.5532 ± 0 0.5318 ± 0
C
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The adjusted rand index (ARI) [75] is defined as follows:
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where ni,j is the number of points that are in cluster Li and cluster
ˆj, ni is the number of points that are in cluster Li, n̂j is the number
f points that are in cluster L̂j, and

(n
m

)
= n!/(m!(n − m)!) is the

umber of combinations of n objects taken m at a time.

.2. Setups

Twelve benchmark datasets are used in the experiments:
CI9,1 Lymphoma,2 ORL10P,3 WarpPIE10P,4 Segment,5

1 https://jundongl.github.io/scikit-feature/files/datasets/nci9.mat
2 https://jundongl.github.io/scikit-feature/files/datasets/lymphoma.mat
3 https://jundongl.github.io/scikit-feature/files/datasets/orlraws10P.mat
4 https://jundongl.github.io/scikit-feature/files/datasets/warpPIE10P.mat
5 https://sci2s.ugr.es/keel/dataset.php?cod=107
13
SpamBase,6 PageBlocks,7 Texture,8 Optdigits,9 Satimage,10
OIL2000,11 and Penbased.12 Table 1 lists their major informa-
ion.

Seven baselines (i.e., k-means (KM),13 k-mean++ (KM++),14
ower k-means (PKM) with its codes shared by the first author
f [48], Power k-means starting with k-mean++ (PKM++), entropy
eighted power k-means (EWPKM),15 spectral clustering (SC),16
ierarchical clustering (HC)17 are used for performance compar-
son. The hierarchical clustering algorithm used is an agglomera-
ive one called the minimum variance algorithm in MATLAB. The

6 https://sci2s.ugr.es/keel/dataset.php?cod=109
7 https://sci2s.ugr.es/keel/dataset.php?cod=104
8 https://sci2s.ugr.es/keel/dataset.php?cod=72
9 https://sci2s.ugr.es/keel/dataset.php?cod=199

10 https://sci2s.ugr.es/keel/dataset.php?cod=71
11 https://sci2s.ugr.es/keel/dataset.php?cod=164
12 https://sci2s.ugr.es/keel/dataset.php?cod=70
13 https://www.mathworks.com/help/stats/kmeans.html?s_tid=srchtitle_
mean_1
14 https://github.com/xuyxu/Clustering
15 https://github.com/DebolinaPaul/EWP
16 https://www.mathworks.com/help/stats/spectralcluster.html
17 https://www.mathworks.com/help/stats/hierarchical-clustering.html?s_tid=
rchtitle_hierarchical%20clustering_1
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odes of CAPKM++ are publicly available from https://github.com/
ongzongLI-CS/CPKM-Github. The Euclidean distance is used as
he dissimilarity metric in all algorithms.

In this study, The hyperparameters values (i.e., N and M) of
CAPKM++ are determined based on the Monte Carlo test results.
Fig. 5 illustrates the Monte Carlo test results obtained by the
CAPKM++ algorithm on the twelve benchmark datasets. Table 1
lists the values of the hyper-parameters used in the experiments,
where the objective function values reach their minimum in most
runs with the listed hyper-parameters value. In PSO rule (11),
c0 = c1 = c2 = 1. The diversity threshold ε is set to be 0.004.
In the power k-means module, the exponent parameter s(0) and
he decreasing parameter η are randomly generated at the range
of [−20, 0) and [1.1, 1.4], respectively.

.3. Ablation studies

Table 2 records the mean values and standard deviations of
(Θ) in (1), using PKM, CAPKM++, and two intermediate algo-
ithms with add-on parts, over 50 runs with random initialization
n the twelve datasets, where PKM++ denotes Power k-means

started with k-means++, CAPKM denotes collaborative anneal-
ing power k-means with multiple Power k-means modules re-
nitialized using PSO, and the best and second-best results are
oldfaced and underlined, respectively. As shown in Table 2,
KM++ achieves better performance than PKM statistically in
erms of f (Θ) mean value on 10 out of the 12 datasets (i.e., 83.3%),
nd CAPKM++ achieves the best performance in terms of mean
alue on all datasets (i.e., 100%).

.4. Experimental results

Figs. 2–3 depict twelve snapshots of the convergent weights
in eqn. (8) and the descending objective function f (Θ) in eqn.

1) using PKM in the inner-loop of CAPKM++ (Steps 4–8) on the
welve benchmark datasets. The snapshots in Fig. 2 show that
he weights converge within 200 iterations and those in Fig. 3
how that the objective function values monotonically decrease
nd reach their minima within 150 iterations in the inner-loops
f CAPKM++. Fig. 4 depicts the convergent behaviors of f (Θ)
he CAPKM++ algorithm on the twelve datasets, where the lower
nvelopes illustrate the objective function values of population-
est solutions Θ∗. It shows that CAPKM++ converges within 80
terations.

To visualize the clustering performance of the high-
imensional data, Figs. 6–7 display the clustering results of
APKM++ and baselines on two representative datasets mapped
o two-dimensional planes using the t-distributed stochastic
eighborhood embedding (t-SNE) algorithm [76]. As shown in
igs. 6–7, CAPKM++ achieves better clustering results than the
ther algorithms.
Tables 4–9 summarize the mean values and standard devia-

ions of twenty internal cluster validity indices and three external
ndices resulting from the seven competing algorithms over 50
uns with random initialization on the twelve datasets, where
he best and second-best results are boldfaced and underlined,
espectively. In view that five internal indices have large value
anges, to facilitate the tabular presentation, WGSS, CHI, BHI,
BMI, TWI value are normalized by m, (n − k)/(k − 1), m, m,
k, respectively. Specifically, CAPKM++ achieves the 145 best
nd 31 second-best mean values out of 252 entries (i.e., 57.54%
nd 69.84% in terms of best values and best plus second-best
alues) among the competing algorithms, whereas HC achieves
he second-best performance with 33 best and 71 second-best
eans out of 252 entries (i.e., 13.10% and 40.87% in terms of
est and best plus second-best mean values). In addition, the
tandard deviations of the results of CAPKM++ are zero, indicating

he highest consistency of the results.

14
. Concluding remarks

This paper presents a clustering algorithm based on
-means++, collaborative neurodynamic optimization, and power
-means. The proposed clustering algorithm incorporates
-means++ in initialization, leverages the clustering capability of
ower k-means, and uses a particle swarm optimization rule to
eposition the centers repeatedly upon their local convergence.
he proposed algorithm statistically outperforms the baselines
wing to the combined use of k-means++ to select better initial
enters and Power k-means with random annealing parameters
o generate more alternative cluster centers in the collaborative
eurodynamic optimization framework. Further research may
im to the extension of the proposed algorithm for constrained
lustering and its applications in the areas of logistics and finance.
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