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The collaborative annealing power k-means++ (CAPKM++) clustering algorithm has been recently
proposed based on multiple modules by minimizing annealed power-mean functions. This paper
presents an upgraded version of CAPKM++ called CAPKM++2.0. Different from CAPKM++ where the
anchor points of surrogate functions for majorizing the power-mean functions are re-initialized and
minimized repeatedly after annealing, CAPKM++2.0 re-initializes the weights of the majorization

Keywords: function during annealing. In addition, unlike CAPKM++ that minimizes the majorization function of
k-means clustering the power-mean sum, CAPKM++2.0 adds an inner loop to minimize the power-mean sum iteratively
k-means++ and locally at every annealing step. Ablation study results are discussed to justify the adoption of the

Power k-means

! ) power-mean and the collaboration of multiple modules. Experimental results on sixteen benchmark
Collaborative annealing power k-means++

datasets are elaborated to demonstrate the superior clustering performance of the upgraded algorithm
compared with its predecessor and six other mainstream algorithms in terms of cluster validity indices
and algorithmic complexities.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

As an important procedure of data processing, clustering is
to group similar data into homogeneous clusters [1], with wide-
spread applications, such as image segmentation [2,3], text
mining [4], bioinformatic analysis [5]. Numerous clustering al-
gorithms have been proposed and they may be classified into
several categories from different perspectives, as shown in Fig. 1;
e.g., divisive hierarchical clustering [6], agglomerative hierarchi-
cal clustering [7], k-means [8-10], k-medoids [11], k-harmonic
means [12], spectral clustering [3,13,14], distribution cluster-
ing [15,16], density clustering [17,18], subspace clustering
[19-21], feature-weighted clustering [22-24], probabilistic clus-
tering [25], fuzzy clustering [26-28], cardinality-constrained clus-
tering [29-31], capacitated clustering [32,33], must-link and
cannot-link constrained clustering [34], and rank-constrained
clustering [35].
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Lloyd’s algorithm [8] is a classic k-means algorithm that min-
imizes the sum of squared distances between each point and
its assigned cluster center in a greedy way. The k-means and k-
means-type algorithms are very popular and widely used in data
clustering and analysis, owing to their efficiency and simplicity.
However, their clustering qualities vary depending on the initial-
ization of centers. To overcome this limitation, many alternative
methods have been proposed, such as initialization improve-
ments [11,36-38] and objective function improvements [9,12,
39-41]. Of particular interest, the power k-means (PKM) algo-
rithm [9] clusters data by minimizing the majorization function
of an annealed power-mean sum. Nevertheless, its clustering per-
formance still depends on initialization. To eliminate the initial-
ization dependence, CAPKM++ employs multiple PKM modules
initialized by using k-mean++ and re-initialized repeatedly and
collaboratively using a particle swarm optimization rule after
each annealing process [10]. Although CAPKM++ outperforms
many baselines, the clustering efficiency could be further im-
proved by carrying out cluster re-initialization during the anneal-
ing process.

In this paper, we propose an upgraded version of CAPKM++
called CAPKM++2.0. Instead of re-initializing cluster centers af-
ter annealing, CAPKM++2.0 re-initializes the weights in the ma-
jorization function during annealing. Additionally, CAPKM++2.0
minimizes the power-mean functions directly rather than their
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Fig. 1. A taxonomical classification of clustering algorithms.

majorization function as in PKM and CAPKM++. The novelties of
this work are summarized as follows.

i. Carrying out re-initialization during annealing rather than
after it enables more efficient clustering with reduced spa-
tial and temporal complexities.

Minimizing the power-mean sum instead of its majoriza-
tion function enables to further improve cluster perfor-
mance in terms of algorithmic efficiency.

il.

The remainder of this paper is organized as follows. Section 2
provides necessary preliminary information on problem formu-
lation, PKM, and CAPKM++. Section 3 describes the proposed
CAPKM++2.0 algorithm. Section 4 reports experimental results on
sixteen datasets. Section 5 concludes the paper.

2. Preliminaries

2.1. Problem statement

Given a data set X {x1,...,xn}, a k-means clustering
algorithm partitions the data into k clusters by minimizing the
within-cluster distance with the following objective function [8]:

n
)= in [|x; — 613, 1
f(©) ; min f1x; = 613 (1)
where 6; € "™ is the center (centroid) of clusterj (j = 1,2, ..., k),

® = [0, ..., 6 is the cluster centers matrix.

2.2. Fundamentals of the PKM algorithm

Since it is hard to minimize (1) directly, the PKM algorithm
utilizes the following smoother function as a surrogate function

) [9:

n 1 k 1
= (e k- a3
i=1

(2)
where s < Oldenotes a power parameter. Let us denote M(y) =
(1 Zfﬂl yf)E as the power mean function. Since SlitnooMs(y) =
minsgj<iyr - yed [42], lim fi(©) = 35, ming<i 1= 6113;
ie, limg_, o f(®) =f(O).

If s < 1, the power-mean functions are concave and satisfy the
following inequality [9]:

Kot +1))

n

< ) - ZZwu % - 601
i=1 j=1
n k
+ 0> w©)lx — 6 + DI (3)

i=1 j=1
where wj(t) is the weight defined by the partial derivative of
M(llxi — 6;(£)]1):
Hlxi = 6015 ™"
(£ 20y llx — B(0)I%) =+

Note that the first two terms on the right-hand side of (3) are
independent of O(t +
majorization function of @(t + 1).

wi(t) = (4)

1) and the last term of (3) is a convex
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Fig. 2. Flowchart of CAPKM++2.0.
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Fig. 3. Monte Carlo test results over 50 runs using CAPKM++2.0 (N = 2 and M = 10) with several values of » on six datasets.

Information about the sixteen benchmark datasets and the corresponding hyper-
parameter values used in CAPKM++ and CAPKM++2.0, where the first twelve
datasets are used in [10].

Datasets n m k Algorithms N M
NCI9 60 9712 9 Eﬁg%:zz.o ?10 ?8
Lymphoma 96 4026 9 gg}im:z.o ;O ;0
ORL10P 100 10304 10 Eﬁg%:z,o 3 20
WarpPIE10P 210 2420 10 Eﬁgiﬁmiizg ;0 ?8
Segment 2310 19 7 Eﬁg%::zo 3 go
SpamBase 4597 57 2 Eﬁg%:zzo g g

PageBlocks 5472 10 5 E:g}im::zo ;2 ?(5)
Texture 5500 40 1 Eﬁgﬁm:zo 30 }2
Optdigits 5620 65 10 Eﬁﬁ{%iﬁw 30 ?8
Satimage 6435 36 7 gﬁg{él\]\/{ﬂiizo g go
COIL2000 9822 85 2 Egﬁm:z.o % g

Penbased 10992 16 10 Eg%:z,o ; ;5
WQ-Red 1599 1 6 Eﬁg%:zo ;0 .‘]30
WQ-White 4898 11 11 Eﬁg%:z.o ﬁoo 28
Banana 5300 2 2 Eﬁg}%::zo ;2 go
Phoneme 5404 5 2 Ezgﬁm:zo ;2 20

At each step, the power parameter s is devalued according to
the following cooling schedule:

s(t + 1) = ns(t),

where s(0) < 0and n > 1.

(7)

It is demonstrated in [9] that PKM performs better than Lloyd’s
algorithm [8] and k-harmonic means [12].

2.3. Fundamentals of the CAPKM++ algorithm

To overcome the limitation of the PKM performance depen-
dency on initialization, the CAPKM++ algorithm [10] is developed
by integrating the k-mean++ and multiple PKM modules in a col-
laborative way. For better seeding, k-means++ is used to provide
initial centers according to a probability defined as follows [37]:

d(x;)°
Y ser AP
where x; is sample i, X is a set of samples other than selected
centers, d(x;) is the distance between x; and its nearest center.
To generate multiple centers as alternative clusters, multiple

PKM modules are leveraged and repeatedly re-initialized using
a particle swarm optimization rule in [43]:

P(xi) = (8)

(9a)
(9b)

vi(t + 1) = covi(t) + cira(pf — pi(t)) + cara(p* — pi(t)),
pi(t + 1) = pi(t) + vi(t + 1),

where v;(t) is a velocity determining the searching direction of
the ith particle at the tth iteration, p} is the current best position
of the ith particle, p;(t) is the current position of the ith particle
at the tth iteration, p* is the current best position of a group
(solution set), ¢y € [0, 1] is an inertia weight determining the
weight of the previous velocity, c; € [0, 1] is a cognitive learning
factor, ¢, € [0, 1] is a social learning factor, and rq, 1, € [0, 1] are
two random numbers. A diversity measure is defined by:

TSN o
80) = - 216V = 6"z, (10)
j=1

where N is the population size (i.e., the number of clustering
configurations), and @* is the best cluster centers matrix among
a population of modules. CAPKM++ uses a wavelet mutation
operator to diversify cluster centers. If the diversity is lower than
a threshold (i.e., §(®) < JOmin), the following wavelet mutation
operation is performed fori=1,...,k,andj=1,..., m:

04(t) + (05 — 65(t)) T >0,

0y(t) + T(04(t) — Qij) T <0, (1)

Gij(t-l-l):{
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Fig. 4. Monte Carlo test results over 50 runs using CAPKM++2.0 (N = 2 and M = 10) with several values of s(0) on six datasets.

where 5,7 and 0, are the upper bound and lower bound of the
searching space, and t is defined by a wavelet function:

1 1.9 5V

2
= —exp——(—)"cos
T =z exp—5( ) cos(
where ¢ is randomly generated from interval [—2.5a, 2.5a], a =
exp (10(£/€max)), and £nax is the maximum iteration.

3. CAPKM++2.0

In the PKM and CAPKM++ algorithms, the majorization func-
tion of power-mean sum in (5) is minimized at every step of
annealing. Minimizing the power-mean function in (2) may attain
better clustering results than minimizing its majorization func-
tion. To do so, in CAPKM++2.0, an inner loop is added to update
the weights and the centers alternately until convergence at every
step of annealing.

In CAPKM++, the re-initialization of cluster centers is per-
formed after each annealing process until convergence. To
improve the efficiency of global repositioning, CAPKM++2.0 re-
initializes W(0) of the majorization function in every module
collaboratively using particle swarm optimization rule (9) at ev-
ery annealing stage instead of re-initializing ®(0) after annealing
as in CAPKM++,

Fig. 2 shows a flowchart of the CAPKM++2.0 algorithm and
Algorithm 1 details its pseudo-codes. In Step 1, N initial centers
are generated by using the k-means++ algorithm. In Steps 2-7, the
initial weights W(0) are assigned according to the generated ini-
tial centers. In Steps 10-16, centers ® and weights W are updated
alternately until convergence. In Step 16, the Frobenius norm of
the difference between the weight matrices in two consecutive
inner-loop iterations is checked for convergence status. In Steps
17-19, the individual best weights W\ are determined. In Steps
21-28, the best weights W* are determined. In Steps 29-32, the
weights are re-initialized using the particle swarm optimization
rule (9). In Step 33, the diversity of the weights is measured. In
Steps 34-36, a wavelet mutation operation is carried out if the
diversity is lower than a threshold . In Step 38, the power
parameter s is reduced with a preset discount factor 7.

4. Experimental results
4.1. Setups

The experimental results are based on sixteen commonly
used datasets as listed in Table 1: NCI9 [44], Lymphoma [44],

ORL10P [44], WarpPIE10P [44], Segment [45], SpamBase [45],
PageBlocks [45], Texture [45], Optdigits [45], Satimage [45],
COIL2000 [45], Penbased [45], WineQuality-Red [45] (WQ-Red),
WineQuality-White [45] (WQ-White), Banana [45], Phoneme [45].

The clustering performance of CAPKM++2.0 is compared with
those of the following seven baselines: k-means (KM),! k-mean++
(KM++),2 PKM [9], entropy weighted power k-means (EWPKM),>
spectral clustering (SC),* hierarchical clustering (HC),> CAPKM++
[10]. The code of PKM is shared by the first author of [9]. The
code of CAPKM++ is obtained from a link in [10]. The hierarchical
clustering algorithm used is agglomerative, and clustering results
are attained by cutting hierarchical cluster tree into k clusters.®
The code of CAPKM++2.0 are available from https://github.com/
HongzongLI-CS/CAPKMZ2.0-Github. The Euclidean distance is used
as the dissimilarity metric in all algorithms.

The performance evaluation criteria for the experimental re-
sults are based on nineteen internal cluster validity indices listed
in Table 3 in [10] and three external indices described in sub-
section 4.1 in [10]. Since WGSS, CHI, XBI and TWI range widely,
their values are normalized around 1 by dividing them with m,
(n — k)/(k — 1), n, and mk, respectively, to facilitate the tabular
presentation later.

Figs. 3 and 4 depict the box-plots of 50-run Monte Carlo test
results using CAPKM++2.0 with different values of n and s(0),
respectively. As shown in Figs. 3 and 4, the objective function
values reach their minima in most runs with n = 1.2 and s(0) =
—5 on NCI9, n = 1.1 and s(0) = —10 on Optdigits, n = 1.2
and s(0) = —10 on WarpPIE10P, n = 1.5 and s(0) = —30 on
Penbased, n = 1.2 and s(0) = —1 on Texture, n = 1.1 and
s(0) = —10 on PageBlock. As the objective function values reach
their elbow points > 1.1 and s(0) > —5,n = 1.1 and s(0) = —5
in all the other experiments. € = 0.001 and §,;; = 0.001. In the
particle swarm optimization rule in (9), co = ¢; = ¢; = 1, as in
CAPKM+++,

1 https://www.mathworks.com/help/stats/kmeans.html?s_tid=srchtitle_
kmean_1

2 https://github.com/xuyxu/Clustering
3 https://github.com/DebolinaPaul/EWP
4 https://www.mathworks.com/help/stats/spectralcluster.html

5 https://www.mathworks.com/help/stats/hierarchical-clustering.html?s_tid=
srchtitle_hierarchical%20clustering_1

6 https://www.mathworks.com/help/stats/cluster.html
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Fig. 5. Snapshots of the convergent centers @ and the convergent weights W values in the inner loop (Steps 12-16) of CAPKM++2.0 on the first twelve datasets,
where the lines in the left subplots portray the first feature values of k centers, and the lines in the right subplots portray the values of k weights.

4.2. Convergent behaviors

Figs. 5-6 depict the snapshots of the convergent ® and the
convergent W in the inner loop of CAPKM++2.0 (Steps 12-16)
on the sixteen datasets, where the lines in the left subplot cor-
respond to the first feature values of k centers, and the lines in
the right subplot correspond to the value of k weights of a datum.

Fig. 7 depicts the monotonically decreasing values of f;(®) in
Eq. (2) corresponding to ® and W in Figs. 5-6. Fig. 8 depicts the
monotonically decreasing values of f(®) running CAPKM++2.0 on
the sixteen datasets, where each line indicts the change in objec-
tive function value of a PKM module. It is shown that CAPKM++2.0
converges within 300 iterations.
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Fig. 8. The convergent behavior of the CAPKM++2.0 algorithm on the sixteen datasets, where each line indicts the change in objective function value of a PKM

module.

4.3. CAPKM++2.0 with or without inner-loop iterations

Fig. 9 depicts the 200-run Monte Carlo test results of
CAPKM++2.0 with and without any inner-loop iteration, where
N and M take several values. The ablation study shows that
CAPKM++2.0 outperforms it in the absence of inner-loop iteration.
It demonstrates that inner-loop iteration makes CAPKM++2.0
more efficient.

4.4. CAPKM++2.0 vs. KM, PKM, and CKM++

Fig. 10 shows 100-run Monte Carlo test results of KM in
multiple times, PKM in multiple times, collaborative k-means++
(CKM++), CAPKM++, and CAPKM++2.0, where M = 5, CKM++ de-
notes an algorithm based on multiple KM modules re-initialized
repeatedly similar to CAPKM++. CKM++, CAPKM++, and

CAPKM++2.0 are collaborative methods. CKM++ can be viewed
as a degenerated version of CAPKM++ and CAPKM++2.0 that
sets s(0) —oo. Fig. 10 shows that the objective function
values decrease or reach their minima in all algorithms as N in-
creases, whereas CKM++ and CAPKM++ outperform their counter-
parts KM++ and PKM, and CAPKM++2.0 achieves the best results
among the five algorithms. It demonstrates the high efficiency of
collaborative re-initialization.

Fig. 10 also shows that CAPKM++ performs much better than
CKM++, implying that the annealing is important as well as the
collaboration. Fig. 11 depicts the average objective function val-
ues using CKM++ and CAPKM++2.0 with several values of N and M
over 100 runs on seven datasets. As shown in Fig. 11, CAPKM++2.0
outperforms CKM++ consistently and significantly, demonstrating
the effectiveness of annealing in CAPKM++2.0.
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Algorithm 1: CAPKM++2.0

Input: Population size N, velocity vector v e [—1, 1],
termination criterion M, termination counter I,
particle/group best weights W®)| W*,

F(W®) = f(W*) = oo, initial power parameter s(0),
discount factor n, particle swarm optimization
parameters ¢y, ¢1 and ¢y, input data X € R™™ ,

Output: W*,

1 Select the initial centers [©(1(0), ..., ®™N)(0)] € {0, 1}7k*N
according to Eq. (8);
2 forp=1to N do

3 fori=1tondo
a j < argmin|x; — 67(0)]12;
1<j<k
5 wl(jp )0) < 1;
6 end
7 end
8 repeat
9 while | < M do
10 forp=1to N do
1 t<1;
12 repeat
13 Update centers ®@P)(t) according to Eq. (6);
14 Update weights W®)(t) according to Eq. (4);
15 t<t+1;
16 until [|[WP(t) — WPt — 1)||F < €;
17 if f((W®) < f(W®)) then
18 ‘ we — wo.
19 end
20 end
21 i* = arg min;{f (WD), ..., FIWD), ..., FIWMN},
2 if f(W@)) < f(W*) then
23 wW* « Wi,
24 [ < 0;
25 else
26 | l<I1+1;
27 end
28 fori=1to N do
29 Update velocity according to Eq. (9a);
30 Update weights according to Eq. (9b);
31 end
32 Compute diversity §(W) according to Eq. (10);
33 if (W) < 8min then
34 \ Perform mutation according to Eq. (11);
35 end
36 end
37 s(t 4+ 1) < ns(t);

38 until s < Spin;
39 return W*,

4.5. CAPKM++2.0 vs. CAPKM++

Figs. 12-13 depict 50-run Monte Carlo test results using
CAPKM++ and CAPKM++2.0 with different N and M on the sixteen
benchmark datasets, where the results in Fig. 12 are based on
datasets used in [10]. Table 1 tabulates the values of the two
hyper-parameters in CAPKM++ and CAPKM++2.0 (i.e., N and M),
where CAPKM++ and CAPKM++2.0 reach the highest consistent
results with zero standard deviation. It shows that CAPKM++2.0
needs much smaller values of N and M than CAPKM++ (i.e., 2
or 4 vs. 2 to 40 for N, 5 or 10 vs. 5 to 50 for M), indicating
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Fig. 9. Average objective function values over 100 runs using CAPKM++2.0 with
and without any inner-loop iteration.

the significant reduction of algorithmic complexities on many
datasets.

4.6. CAPKM++2.0 vs. Seven baselines

Tables 2-3 tabulate the means and standard deviations of the
clustering results in terms of nineteen internal indices and three
external indices over 50 runs by using CAPKM++2.0, CAPKM++,
and six competing algorithms on the last four datasets in Table 1,
where the best and second-best results are bold and underlined,
respectively. Specifically, CAPKM++2.0 achieves 46 best and 11
second-best means out of 84 entries (i.e., 54.76% and 67.86% for
the best and the best plus the second-best), while the CAPKM++
ranks in second place, achieving 24 best and 28 second-best
means (i.e., 28.57% and 61.90%). In addition, the standard devi-
ations of the results using CAPKM++2.0 are zero, indicating the
highest consistency of the algorithm.

5. Concluding remarks

This paper presents an upgraded version of CAPKM++ for k-
means clustering. With reduced algorithmic complexities,
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Fig. 10. Average objective function values over 100 runs using KM++ over N
times, PKM over N times, CKM++, CAPKM++, and CAPKM++2.0 with several
values of N.

CAPKM++2.0 is more efficient than CAPKM++, as it minimizes
the power-mean functions directly rather than minimizing their
majorization function and re-initializes the weights of the ma-
jorization function during annealing instead of re-initializing the
anchor points after annealing. The experimental results on six-
teen datasets demonstrate that the upgraded algorithm statisti-
cally outperforms many competing algorithms in terms of cluster
validity indices and algorithmic complexities. Further research
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Fig. 11. Average objective function values over 100 runs using CKM++ and
CAPKM++2.0 with several values of N and M on seven datasets.

may aim at the improvements of its scalability, the extensions for
fuzzy clustering, and the applications in engineering and finance.
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Fig. 12. Monte Carlo test results using CAPKM++ and CAPKM++2.0 with several values of N and M on the first twelve datasets.
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Fig. 13. Monte Carlo test results using CAPKM++ and CAPKM++2.0 with several values of N and M on the last four datasets.

The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++2.0, CAPKM++, and six baselines on WQ-White and
WQ-Red, where N =2 and M =5 on WQ-Red, and N =4 and M = 30 on WQ-White in CAPKM++ and CAPKM++2.0.

WQ-White KM KM++ PKM EWPKM SC HC CAPKM++ CAPKM++2.0
WGSS| 24.0673 & 0.2049 24.5069 + 2.1869 24.1219 £ 0.0312 36.4648 + 0.7859 28.6233 £ 0.7560 27.0748 £ 0 23.801 & 0.0008 23.7981 + 0
MRI| 0.6218 £ 0.0042  0.6211 4 0.0038  0.6210 + 0.0011 0.7848 £ 0.0120  0.6974 4+ 0.0120 0.6672 £ 0 0.6142 £ 0.0010 0.6130 £ 0
GPI} 0.0265 + 0.0006  0.0266 4 0.0011  0.0260 + 0.0002 0.0562 + 0.0015  0.0676 & 0.0096  0.0409 £ 0  0.0260 + 0.0002 0.0258 + 0
BHGIt 0.7119 £ 0.0100  0.7138 4 0.0081  0.7109 &+ 0.0017 0.3846 & 0.0226  0.5809 & 0.0216  0.6272 £ 0 0.7294 £ 0.0026 0.7324 £ 0
cy 0.1305 £ 0.0044  0.1296 4 0.0036  0.1307 &+ 0.0008 0.2646 £ 0.0097  0.1811 4+ 0.0104 0.1638 £ 0  0.1226 £ 0.0010 0.1215 £ 0
T 0.3057 £ 0.0090  0.3078 4 0.0082  0.3013 + 0.0007 0.1644 + 0.0105  0.3287 + 0.0044 0.2939 £ 0 0.3196 £ 0.0018 0.3215 + 0
DGIt 0.0953 £ 0.0395 0.1047 4 0.0335  0.0869 + 0.0258 0.0675 & 0.0145  0.0696 + 0.0206  0.3741 £ 0 0.0938 £ 0.0232 0.0844 + 0
RLIT 0.1993 £ 0.0045  0.1992 4 0.0044  0.1938 &+ 0.0005 0.1919 £ 0.0060  0.1881 & 0.0024  0.1921 £ 0  0.2022 £ 0.0002 0.2019 + 0
CHIp 1.2999 + 0.0194 13019 £+ 0.0184  1.2946 £ 0.0030 0.5185 £ 0.0324  0.9349 &+ 0.0478 1.0443 £ 0  1.3255 £ 0.0001 1.3258 = 0
RTIY 1.2681 + 0.1337  1.2561 £ 0.0907  1.2762 £ 0.0375 4.3189 + 0.9265 1.6101 £ 0.6273 14968 £ 0 1.1516 4 0.1166 1.0309 + 0
WGIt 0.2342 £ 0.0054  0.2358 4 0.0048  0.2318 &+ 0.0001 0.0357 £ 0.0027  0.2125 4+ 0.0062  0.1669 £ 0  0.2427 £ 0.0009 0.2430 £ 0
DIt 0.0107 £+ 0.0044 0.0117 4 0.0042  0.0106 + 0.0032 0.0090 £ 0.0020  0.0076 4 0.0022  0.0389 = 0 0.0113 £ 0.0028 0.0102 + 0
BHIt 0.0580 + 0.0009  0.0578 4 0.0012  0.0578 + 0.0002 0.0822 + 0.0012 0.0501 & 0.0009  0.0642 + 0  0.0593 £ 0.0002 0.0593 + 0
PBMIt 0.0090 £ 0.0004 0.0107 4 0.0081  0.0089 + 0.0003 0.0043 £ 0.0002  0.0188 £ 0.0005 0.0077 =0 0.0090 £ 0.0001 0.0089 + 0
XBI{ 0.1239 £ 0.3366  0.0392 4 0.0421  0.0488 + 0.0379 0.1039 £ 0.0808  0.2498 &+ 0.5735 0.0022 £ 0 0.0365 £ 0.0106 0.0409 + 0
DBI} 1.7218 + 0.0499  1.7080 + 0.0641  1.7378 £ 0.0143  3.3264 + 0.3030  1.4843 + 0.0653 1.8248 £ 0 1.6479 4+ 0.0182 1.6317 £ 0
LSSRI 0.2622 £+ 0.0151  0.2637 4+ 0.0142  0.2582 &+ 0.0023 —0.6586 + 0.0635 —0.0687 & 0.055 0.0433 £ 0 0.2818 £ 0.0001 0.2820 £ 0
T™WI} 2.1879 £ 0.0186  2.1860 4 0.0176  2.1929 & 0.0028 3.3150 £+ 0.0714  2.6021 4+ 0.0687 2.4613 £ 0  2.1637 £ 0.0001 2.1635 £ 0
ACCH 0.1934 £+ 0.0107  0.1941 4 0.0095  0.1899 + 0.0027 0.1749 + 0.0031  0.3106 + 0.0203 0.2201 = 0  0.1990 £ 0.0040 0.2029 + 0
NMIt 0.0831 & 0.0019  0.0838 4 0.0019  0.0840 £ 0.0005 0.0512 £ 0.0039  0.0758 & 0.0018  0.0695 £ 0  0.0823 £ 0.0009 0.0807 + 0
ARI? 0.0316 &+ 0.0010  0.0318 4 0.0011  0.0318 &+ 0.0009 0.0169 £ 0.0009  0.0403 + 0.0014 0.0315 £ 0 0.0316 £ 0.0004 0.0313 £ 0
WQ-Red KM KM++ PKM EWPKM SC HC CAPKM++ CAPKM++2.0
WGSS| 14.6529 £ 0.3805 14.5249 £ 0.2385 14.4337 £ 0 15.1581 £ 0.7027 16.335 £ 0.0273  15.4005 = 0 14.2157 4 0.0003 14.2156 + 0
MRI|} 0.6348 + 0.0083  0.6327 4 0.0093  0.6387 + 0 0.6502 £ 0.0286  0.6824 & 0.0056 0.6776 = 0  0.6236 £ 0.0002 0.6235 £+ 0
GPI} 0.0523 £ 0.0042  0.0519 & 0.0029  0.0503 £ 0 0.0576 £ 0.0053  0.0825 & 0.0025 0.0666 = 0  0.0513 £ 0.0001 0.0513 £ 0
BHGIt 0.6718 £+ 0.0187  0.6755 4 0.0219  0.6595 + 0 0.6408 £ 0.0648  0.5879 4+ 0.0109 0.5812 =0  0.7007 & 0.0003 0.7007 + 0
C1y 0.1411 4+ 0.0081  0.1389 4 0.0098  0.1471 + 0 0.1536 £+ 0.0279  0.1793 4 0.0054 0.1798 = 0  0.1279 + 0.0001 0.1279 £ 0
Tt 0.3792 £+ 0.0180  0.3827 4 0.0210  0.3585 £ 0 0.3665 £ 0.0509  0.3719 & 0.0062  0.3277 £ 0 0.4101 & 0.0002 0.4101 £ 0
DGIt 0.1728 £+ 0.0471  0.1636 4 0.0365 0.1799 + 0 0.1913 £ 0.0448 0.0791 4 0.0606  0.4332 £ 0 0.1842 £ 0.0005 0.1844 £+ 0
RLIt 0.2611 £ 0.0058  0.2651 £ 0.0069  0.2593 £ 0 0.2669 + 0.0125  0.2567 4 0.0004 0.2635 = 0  0.2763 & 0.0001 0.2763 + 0
CHIp 0.9703 £ 0.0492  0.9869 & 0.0320  0.9989 + 0 0.9072 £ 0.0860  0.7663 & 0.0029 0.8734 =0 1.0296 £ 0 1.0296 + 0
RTIY 1.0282 + 0.2261  0.9577 £ 0.2353  1.2852 £ 0 0.9814 £ 0.3675  1.4410 4+ 0.0228 1.0334 £ 0 0.6869 £ 0.0023 0.6858 £+ 0
WGIt 0.3014 £+ 0.0160  0.3082 4 0.0186  0.2906 + 0 0.2708 £ 0.0544  0.2687 4 0.0025 0.2601 =0  0.3369 & 0.0001 0.3369 + 0
DIt 0.0286 + 0.0098  0.0290 & 0.0057  0.0269 + 0 0.0331 £ 0.0091  0.0129 4 0.0099 0.0688 = 0 0.0344 £ 0.0012 0.0339 + 0
BHIt 0.1110 £ 0.0113  0.1140 4 0.0113  0.1028 £ 0 0.1153 + 0.001 0.0948 £+ 0.0011  0.1068 &= 0  0.1137 £ 0.0001 0.1137 £ 0
PBMIt 0.0390 £ 0.0057  0.0406 4 0.0053  0.0400 + 0 0.0459 £ 0.0076  0.0451 4 0.0004  0.0479 = 0  0.0509 £ 0.0005 0.0511 £ 0
XBI| 0.0356 + 0.0176  0.0334 4+ 0.0147  0.0300 + 0 0.0319 £ 0.0203  4.3277 4+ 5.3283 0.0061 £ 0 0.0229 £ 0 0.0229 £+ 0
DBI 16499 £+ 0.1152 15712 &£ 0.1175  1.6149 £ 0 1.6738 + 0.2895  1.4134 £ 0.0061 15440 £ 0  1.3924 & 0.0010 1.3920 = 0
LSSRIt —0.0315 £ 0.0529 —0.0137 £ 0.0331 —0.0011 &0 —0.1019 £ 0.0979 —0.2662 £ 0.0038 —0.1353 =0 0.0292 £ 0 0.0292 £ 0
TWI} 24421 £ 0.0634  2.4208 £ 0.0398  2.4056 = 0 2.5264 £+ 0.1171 27225 4+ 0.0045 2.5668 &= 0  2.3693 + 0.0001 2.3693 + 0
ACCt 0.3019 £ 0.0221  0.3048 & 0.0199 0.2714 £ 0 0.2977 £ 0.0298  0.3923 + 0.0034 0.3383 £ 0 0.3279 £ 0.0006 0.3277 £ 0
NMIt 0.0998 £ 0.0050  0.1012 4 0.0047  0.0972 £ 0 0.0823 £ 0.0177  0.0866 4 0.0045 0.1207 £ 0 0.1051 £ 0.0002 0.1052 + 0
ARIM 0.0659 + 0.0116  0.0669 + 0.0109  0.0553 + 0 0.0538 £+ 0.0170  0.0637 & 0.0022  0.0813 £ 0 0.0763 £ 0.0002 0.0764 + 0
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Table 3
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The mean values and standard deviations of internal and external cluster validity indices resulting from CAPKM++2.0, CAPKM++, and six baselines on Banana and
Phoneme, where N =2 and M =5 in CAPKM++ and CAPKM++2.0.

Banana KM KM++ PKM EWPKM SC HC CAPKM++ CAPKM++2.0
WGSS| 91.7332 & 0.0006  91.7334 4+ 0.0006 91.7346 &= 0  100.3771 £ 4.9593 91.9065 + 0.0010 102.5170 & 0 91.7327 + 0.0001 91.7326 + 0
MRI{ 0.5864 + 0 0.5864 + 0 0.5865 + 0 0.6252 + 0.0259 0.5880 + 0 0.6519 £ 0 0.5864 + 0 0.5864 +£ 0
GPI}, 0.0936 + 0 0.0936 + 0 0.0936 £ 0 0.1114 £+ 0.0127 0.0945 + 0 0.1236 £ 0 0.0936 + 0 0.0936 £ 0
BHGIt 0.6257 £ 0 0.6257 £ 0 0.6257 £ 0 0.5542 + 0.0506 0.6221 + 0 0.5049 + 0 0.6257 £ 0 0.6257 £ 0
Cl} 0.1756 £ 0 0.1756 £ 0 0.1757 £ 0 0.2128 + 0.0243 0.1773 £ 0 0.2370 £ 0 0.1756 = 0 0.1756 £ 0
T 04425 = 0 0.4425 £ 0 04424 £ 0 0.3919 £ 0.0358 04399 £ 0 0.3568 + 0 04424 + 0 04424 £ 0
DGIt 0.0145 + 0.0046 0.0141 + 0.0048 0.0083 + 0 0.0207 + 0.0149 0.0167 + 0 0.0465 £ 0 0.0177 £ 0 0.0178 £ 0
RLIp 0.4597 + 0.0002 0.4597 + 0.0002 0.4594 + 0 0.4327 + 0.0065 04592 + 0 0.4205 + 0 0.4598 + 0 0.4598 + 0
CHIt 0.7572 £ 0 0.7572 £ 0 0.7572 £ 0 0.6096 + 0.0788 07539 £ 0 0.5724 £ 0 07572 £ 0 0.7572 £ 0
RTI} 0.3292 + 0.0001 0.3292 + 0.0001 03294 £ 0 0.4164 + 0.0554 0.3316 £ 0 04213 £ 0 0.3292 + 0 03291 £ 0
WGIt 0.5188 + 0 0.5188 + 0 05188 + 0 0.4770 + 0.0256 05174 + 0 04242 + 0 0.5189 + 0 05189 £ 0
DIt 0.0018 + 0.0006 0.0018 + 0.0006 0.0010 £ 0 0.0026 + 0.0019 0.0021 + 0 0.0064 £ 0 0.0022 + 0 0.0022 + 0
BHIt 0.0347 £ 0 0.0347 £ 0 0.0347 £ 0 0.0379 + 0.0018 0.0347 £ 0 0.037 £ 0 0.0347 £ 0 0.0347 £ 0
PBMIt 0.0496 + 0 0.0496 + 0 0.0496 + 0 0.0397 + 0.0055 0.0493 + 0 0.0387 = 0 0.0496 + 0 0.0496 + 0
XBI|, 3.3170 + 2.5539 3.5630 + 2.6364 6.7092 £ 0 10.4206 + 11.3646 1.6401 + 0 0.1901 £ 0 14904 £ 0 14904 £ 0
DBI| 1.0355 + 0.0001 1.0355 + 0.0001 1.0356 + 0 1.1647 + 0.0816 1.0378 £ 0 1.1462 £ 0 1.0355 £ 0 1.0354 + 0
LSSRIt —0.2781 £ 0 —0.2781 £ 0 —0.2781 £ 0 —0.5031 &+ 0.1316 —0.2825 £ 0 —0.558 £ 0 —0.2781 £ 0 —0.2781 £ 0
TWI} 45.8666 + 0.0003  45.8667 + 0.0003  45.8673 = 0  50.1885 + 2.4797  45.9532 + 0.0005 51.2585 + 0 45.8664 £ 0 45.8663 + 0
ACCH 0.5829 + 0.0015 0.5832 + 0.0015 0.5843 + 0 0.5434 4+ 0.0338 0.5707 + 0.0001 0.5006 + 0 0.5821 + 0.0002  0.5825 + 0
NMIt 0.0217 + 0.0007 0.0219 + 0.0007 0.0223 £ 0 0.0093 + 0.0084 0.0150 = 0 0.0003 £ 0 0.0213 + 0.0001 0.0215 £ 0
ARIT 0.0273 + 0.0010 0.0275 + 0.0010 0.0282 + 0 0.0117 + 0.0108 0.0198 + 0 —0.0006 = 0  0.0267 + 0.0001 0.0270 £ 0
Phoneme KM KM++ PKM EWPKM SC HC CAPKM++ CAPKM++2.0
WGSS| 107.0775 £ 1.0059 106.5772 £ 0.7331 106.2767 £ 0 120.5846 + 2.1418 111.6192 &+ 0 107.4892 £ 0 106.2766 + 0 106.2766 + 0
MRI| 0.7504 + 0.0088 0.7460 + 0.0065 07434 £ 0 0.8544 + 0.0161 0.7788 £ 0 0.7522 £ 0 0.7433 £ 0 0.7434 £ 0
GPI}, 0.1330 + 0.0048 0.1307 + 0.0035 0.1293 + 0 0.1719 £ 0.0217 0.1519 + 0 0.1330 £ 0 0.1292 +£ 0 0.1292 £ 0
BHGIt 0.4659 + 0.0209 0.4764 + 0.0153 0.4826 + 0 0.2553 + 0.0353 0.3925 + 0 0.4656 + 0 0.4827 + 0.0001 04827 £ 0
Cl 0.2523 + 0.0085 0.2481 + 0.0062 0.2456 + 0 0.3584 4+ 0.0198 0.2859 + 0 0.2536 = 0 0.2456 + 0 0.2456 + 0
TIM 0.3289 + 0.0153 0.3366 + 0.0112 03411 £ 0 0.1722 + 0.0174 0.2775 £ 0 0.3285 £ 0 03412 £ 0 03412 £ 0
DGIt 0.0588 + 0.0131 0.0517 + 0.0091 0.0508 + 0 0.0450 + 0.0152 0.0658 + 0 0.1454 £ 0 0.0508 + 0 0.0508 + 0
RLIt 0.3337 + 0.0073 0.3373 + 0.0053 03394 + 0 0.2919 =+ 0.0085 0.3040 + 0 03326 £ 0 0.3395 £ 0 0.3395 £ 0
CHIt 0.3264 + 0.0124 0.3326 + 0.0090 0.3363 £ 0 0.1781 £ 0.0205 02723 £ 0 03212+ 0 03363 £ 0 0.3363 £ 0
RTI| 0.7267 + 0.0054 0.7242 + 0.0041 0.7225 £ 0 1.0678 £ 0.1711 0.9070 = 0 0.7272 £ 0 0.7232 + 0.0003  0.7227 £ 0
WGIt 0.3774 + 0.0028 0.3788 + 0.0021 0.3797 £ 0 0.3025 + 0.0379 0.3089 + 0 03775 £ 0 0.3794 + 0.0001 0.3796 £ 0
DIt 0.0112 4 0.0032 0.0095 + 0.0022 0.0091 + 0 0.0086 4 0.0027 0.0137 + 0 0.0262 £ 0 0.0091 + 0 0.0091 + 0
BHIt 0.0959 =+ 0.0005 0.0961 + 0.0003 0.0962 + 0 0.0986 + 0.0081 0.1012 £ 0 0.0958 + 0 0.0963 + 0 0.0962 + 0
PBMIt 0.0467 + 0.0006 0.047 £+ 0.0005 0.0472 £ 0 0.0326 + 0.0065 0.0368 = 0 0.047 £ 0 0.0472 £ 0 0.0472 £ 0
XBIL| 0.1279 + 0.0525 0.1548 + 0.0434 0.1494 + 0 0.2285 + 0.1015 0.0868 + 0 0.0182 £ 0 0.1494 + 0 0.1494 + 0
DBI|, 1.5734 £ 0.0014 1.5733 £ 0.0018 15729 £ 0 1.8153 £ 0.2299 1.7868 £ 0 1.5616 + 0 1.5741 £ 0.0005 15734 £ 0
LSSRIt —1.1202 + 0.0383 —1.1012 + 0.0279 —1.0897 £ 0 —1.7324 £+ 0.124 —1.3007 £ 0 —1.1356 £ 0 —1.0897 + 0 —1.0897 £ 0
TWI} 53.5387 + 0.5029  53.2886 + 0.3666  53.1384 + 0  60.2923 + 1.0709  55.8096 + 0 53.7446 £ 0  53.1383 + 0 53.1383 £ 0
ACCH 0.7044 + 0.0490 0.6802 + 0.0356 0.6656 + 0 0.5901 + 0.0841 0.7063 £+ 0 0.6417 £ 0 0.6661 + 0.0004 0.6652 £+ 0
NMIt 0.1761 % 0.0055 0.1789 + 0.0041 0.1807 £ 0 0.0725 + 0.0194 0.1311 + 0 0.1911 £ 0 0.1798 + 0.0001 0.1799 + 0
ARIT 0.1692 + 0.0806 0.1293 + 0.0586 0.1053 £ 0 0.0197 + 0.0872 0.1685 + 0 0.0698 £+ 0 0.1061 + 0.0006  0.1048 £ 0
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