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Capacitated Clustering via
Majorization-Minimization and Collaborative
Neurodynamic Optimization

Hongzong Li

Abstract— This paper addresses capacitated clustering based
on majorization-minimization and collaborative neurodynamic
optimization (CNO). Capacitated clustering is formulated as
a combinatorial optimization problem. Its objective function
consists of fractional terms with intra-cluster similarities in their
numerators and cluster cardinalities in their denominators as
normalized cluster compactness measures. To obviate the diffi-
culty in optimizing the objective function with factional terms,
the combinatorial optimization problem is reformulated as an
iteratively reweighted quadratic unconstrained binary optimiza-
tion problem with a surrogate function and a penalty function in
a majorization-minimization framework. A clustering algorithm
is developed based on CNO for solving the reformulated problem.
It employs multiple Boltzmann machines operating concurrently
for local searches and a particle swarm optimization rule
for repositioning neuronal states upon their local convergence.
Experimental results on ten benchmark datasets are elaborated
to demonstrate the superior clustering performance of the pro-
posed approaches against seven baseline algorithms in terms of
21 internal cluster validity criteria.

Index Terms— Capacitated clustering, collaborative neuro-
dynamic optimization (CNO), iteratively reweighted optimiza-
tion, majorization-minimization, quadratic unconstrained binary
optimization.

I. INTRODUCTION

LUSTERING is one of the most fundamental means of

data processing. It is to find a set of clusters in unlabeled
data. In many applications, some prior information on the clus-
ters is available in the form of constraints or partially labeled
data. As a basic form of semi-supervised learning, constrained
clustering incorporates available prior information/knowledge
into clustering. Clustering performance can be boosted by
leveraging the constraints that confine the search space. Sev-
eral types of constraints are utilized in constrained clustering:
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cluster-level constraints, such as cardinality constraints [1],
[21, [3], [4], [5], [6], [7], [8] and capacity constraints [9],
(101, [111, [12], [13], [14], [15], [16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26], instance-level constraints [27],
such as must-link and cannot-link constraints [28], and rank
constraint [29].

Capacitated clustering is an important type of constrained
clustering. It arises in many applications, including vehicle
routing [30], [31], [32], very large-scale integrated circuit
design [33], mail delivery [34], sibling reconstruction [35],
mobility network handover minimization [20], [36], facility
layout [37], [38], reviewer groups construction [39], wireless
and wired network integration [40], and stock market index
tracking [41].

In the literature, capacitated clustering is commonly for-
mulated as a combinatorial optimization problem [9]. In the
existing problem formulation, the objective function is com-
posed of multiple functional terms, and each term sums the
dissimilarity coefficients (e.g., distances) between every pair of
data in a cluster to quantify the within-cluster compactness [9],
[11], [12], [16], [17], [19], [20], [21], [23], [24], [25], [26].
Existing capacitated clustering methods can be classified into
two major categories: mathematical programming methods and
heuristic or meta-heuristic methods. Specifically, mathematical
programming methods include the branch and cut method [19],
the Lagrangian relaxation method [17], etc. In view that most
combinatorial optimization problems are NP-hard [42], heuris-
tic and meta-heuristic methods are widely used, including
scatter search [12], tabu search (TS) [18], variable neighbor-
hood search [25], neighborhood decomposition-driven variable
neighborhood search (NDVNS) [26], iterated variable neigh-
borhood search (IVNS) [21], greedy random adaptive search
procedure and adaptive memory programming [11], reactive
greedy randomized adaptive search procedure with path relink-
ing [16], TS with variable neighborhood search [20], greedy
randomized adaptive search procedure with TS [20], greedy
randomized adaptive search procedure with variable neigh-
borhood search [20], general variable neighborhood search
(GVNS) [25], skewed GVNS (SGVNS) [25], etc. Although
heuristic and meta-heuristic methods can often find good solu-
tions, the solution quality varies without guaranteeing global
optimality.
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Over the last few decades, neurodynamic optimization
approaches emerged as computationally intelligent optimiz-
ers based on recurrent neural networks for solving various
optimization problems, such as combinatorial optimization
problems [43]. It is very difficult, if not impossible, for an
individual recurrent neural network to solve a combinatorial
optimization problem, as it may easily get stuck in a local min-
imum. As such, more than one neurodynamic model is needed
to work collaboratively. In recent years, a hybrid intelligence
framework called collaborative neurodynamic optimization
(CNO) has been developed based on multiple neurodynamic
models coordinated by using meta-heuristics. The multiple
neurodynamic models operate concurrently for scattered local
searches, and their initial states are reinitialized repeatedly
by using a meta-heuristic rule for repositioning the searches.
It integrates the scatter search capability of multiple neuro-
dynamic models together with the global search capability of
meta-heuristics. It is proven that CNO approaches are almost
surely convergent (i.e., with probability one) to the global
optimal solutions of optimization problems [44], [45], [46],
[47], [48].

In this paper, we first propose an objective function with
multiple functional terms normalized by the cluster sizes
to measure the within-cluster compactness. Next, we for-
mulate capacitated clustering as an iteratively reweighted
quadratic unconstrained binary optimization problem with a
surrogate function and a penalty function in a majorization-
minimization framework. We develop a CNO-driven capaci-
tated clustering algorithm based on a population of Boltzmann
machines (BMs) with momentum terms for solving the refor-
mulated problem. The novelties and contributions of this work
are summarized as follows.

1) The reformulated objective function with the total
within-cluster dissimilarity of every cluster normalized
by its cluster cardinality is able to characterize the
cluster compactness naturally, independent of cluster
sizes.

2) The iteratively reweighted quadratic unconstrained
binary optimization problem reformulation with a
surrogate function enables avoiding the direct use
of the reformulated objective function with fac-
tional terms while keeping their cluster normalization
effect.

3) The CNO-driven clustering algorithm with a pop-
ulation of BMSs operating in parallel fully utilizes
the hill-climbing capability of BMs in scattered
searches.

4) Extensive experimental results on ten benchmark
datasets show that the CNO-driven clustering algorithm
statistically outperforms seven prevailing baselines in
most internal cluster validity indices.

The remaining paper is arranged as follows. In Section II,
background knowledge on neurodynamic optimization to be
used in Section IV is introduced. In Section III, capaci-
tated clustering is reformulated as an iteratively reweighted
quadratic unconstrained binary optimization problem. In
Section IV, a CNO-driven capacitated clustering algorithm
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is delineated. In Section V, experimental results are dis-
cussed in detail. In Section VI, concluding remarks are
given.

II. BACKGROUND KNOWLEDGE
A. Neurodynamic Optimization Models
1) Discrete Hopfield Network: The discrete Hopfield net-
work (DHN) is an exemplar of recurrent neural networks

characterized by its binary or bipolar states and hard-limiter
activation function operating in discrete time [49]

u(t+1)=Wx@) —0
x(t) = o (u(t))

where u € K" is the net-input vector, x € K" is the
state vector, W € R™™" is the connection weight matrix,
6 € R" is the threshold vector, and o (-) is a vector-
valued hard-limiter activation function defined elementwise as
follows:

ey

0, ifu;(r) <0
1, if u;(¢r) > 0.

o(u;) =

It is shown in [49] that the DHN in (1) is completely stable;
i.e., the state of the DHN is convergent to an equilibrium
from any initial state, and if the connection weight matrix
is symmetric (i.e., W = WT), the main diagonal elements
of W are zero (i.e., w;; = 0, Vi), and the activation takes
place asynchronously. It is also shown in [49] that the DHN
is convergent to a local minimum of the following binary
optimization problem:

1
min—ixTWx +0Tx st xe{0, 1} )

It means that an equilibrium X is a local optimum of the
optimization problem earlier. As the right-hand side of (1) is
equal to the negative gradient of the objective function to be
minimized, the DHN neurodynamics forms a gradient flow
moving among vertices of the unit hypercube coordinatewise.
Note that the binary states of the DHN depend exclusively
on the sign of the negative gradient of the objective function
without any historical effect.

If W in the quadratic term of (2) is asymmetric in a
given problem, its symmetry can be equivalently realized
by replacing it with (W + WT)/2. The zero diagonal ele-
ments of W can equivalently realized by adding a linear
term diag(wiy, ..., Wyy)x, in view that xi2 = x; fori =
1,2,...,n due to the binary nature of the state variable
xi €{0,1}.

As a variant of the DHN, a DHN with a momentum term
(DHNm) [50] is developed as follows:

u(t+1) =u(t) + Wx(t) — 0

x(1) = o (u(t))
where #(0) = 0. With the addition of the momentum term
u(t) in the DHN dynamic equation, the DHNm in (3) takes

its historical effect into account and enriches its dynamic
behaviors. It is shown that all neuronal states in the DHNm

3)
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in (3) can be activated synchronously and are convergent to
local or near optima [51], [52]. The DHNm is widely used
in many applications, such as graph planarization [50], inde-
pendent set maximization [53], checkerboard tiling [54], data
sorting [55], map coloring [51], string search [56], channel
assignment in cellular radio networks [57], magnetic resonance
image segmentation [58], bipartite subgraph matching [59],
broadcast scheduling [60], facility layout [61], via minimiza-
tion [62], programmable logic array folding [63], microcode
optimization [64], etc.

2) Boltzmann Machine: The BM [65] is a stochastic ver-
sion of the DHN. For searching and optimization, it is
a parallel realization of simulated annealing [66] minimiz-
ing (2). Unlike the Hopfield network, the ith neuron in
a BM is activated according to the probability defined as
follows:

1
i)
1+ exp (—48) @)
pi() =0)=1-plx(r) =1)
where u; is defined as in (1), T is the temperature parameter

decreasing over time. An exponential multiplicative cooling
schedule of the temperature is defined in [67]

pli()=1)=

T(t) = Toa' (5)

where Tp is the initial temperature and o € (0,1) is
a cooling rate parameter. It is known that a BM with a
sufficiently large initial temperature and sufficiently long
cooling schedule is almost surely convergent to a global
optimal solution of a given combinatorial optimization
problem [68], [69].

The BM is applicable to a wide range of combinato-
rial optimization problems, including the independent set
problem [68], the max-cut problem [68], the graph col-
oring problem [68], the traveling salesman problem [69],
the matching problem [66], and the graph partitioning
problem [66].

B. Collaborative Neurodynamic Optimization

CNO approaches are developed for solving various com-
plex optimization problems, such as distributed optimization
[70], [71], global optimization [44], [45], [46], [47], mul-
tiobjective optimization [71], [72], and combinatorial and
mixed-integer optimization [46], [48]. They inherit the
almost-sure convergence property proven theoretically in [46].
CNO is customized as computationally intelligent optimizers
in various applications, such as nonnegative matrix factoriza-
tion [73], vehicle-task assignment [74], [75], stock portfolio
selection [76], spiking neural network regularization [77], and
hash bit selection [78].

The neurodynamic models used in existing CNO approaches
include projection neural networks [72], [73], [74], [76], [79]
and DHNs (1) [75], [78]. Almost all of the CNO algorithms
use a particle swarm optimization rule to reposition the neural

searches. The standard rule is defined in [80]

vi(t 4+ 1) = covi (t) + c1r1 (x] (1) — xi (1))
+ cory (x* (1) — x; (1))
if (r3 < S(viq(1))), then xjq(r) =1, else xjq(t) =0
(6)

where x;(r) is the position of the ith particle at the rth iter-
ation, v;(t) is the velocity of the ith particle, x/(¢) is the
present best position in terms of a given objective func-
tion for the ith particle, x*(f) is the best position of the
population, cp is a positive inertia parameter, ¢; and c;
are two positive weighting parameters, and r; and r, and
r3 are random values in [0, 1], S(-) is a sigmoid limiting
transformation.

III. PROBLEM FORMULATIONS

Suppose that n data vectors with m features v; € N"
are to be clustered into p mutually exclusive clusters. The
capacitated clustering problem is commonly formulated as
follows [9], [11], [12], [16], [17], [19], [201, [21], [23], [24],
[25], [26]:

P n
min >3 S dysi
X

=1 i=1 j<i

)4
s.t. Zx”:l, i=1,2,...,n
=1

n
Dlapxy <b, 1=1,2,....p
i=1

xip€{0,1}, i=1,2,....,n; I =1,2,...,p (7)

where x;; is the binary decision variable defined as x;; = 1 if
datum i is assigned to cluster [ or x;; = 0, otherwise, d;; is
the dissimilarity coefficient (e.g., distance) between samples i
and j, aj; is a capacity coefficient for datum i and cluster /,
and b; is the capacity of cluster /. It contains np binary
decision variables and n + p linear constraints. The first set
of constraints ensures that each datum belongs to exactly
one cluster. The second set contains capacity constraints that
restrict the cluster size.

Different from k-means and k-medoid clustering, the objec-
tive function in the quadratic assignment problem formulation
is centerless without the need for selecting cluster represen-
tatives (e.g., centroids or medoids). Instead, the clustering
results depend mutually on the sums of intracluster dissim-
ilarity coefficients in all clusters. In other words, the objec-
tive function value to be minimized is the total intracluster
dissimilarity.

As aforementioned in Section I, there is a shortcom-
ing in the objective function in problem (7). As the total
within-cluster dissimilarity is quadratically proportional to the
cluster size, it would result in unnaturally balanced clusters.
To illustrate this point, consider a simple case to cluster an
even number of data into two clusters (i.e., n is even and
p = 2). If the two clusters contain equal numbers of data
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TABLE I
INFORMATION ON THE INTERNAL CLUSTER VALIDITY INDICES, WHERE 1 AND |, INDICATE THEIR DESIRABILITY

Measure acronym definition Torl ref.
McClain-Rao Index MRI NpSw /NwSB 1 [93]
G+ Index GPI 25~ /(Np(Np — 1)) ! (94]
Baker-Hubert Gamma Index | BHGI (st —s7)/(sT+s7) 0 [95]
C Index cI (Sw — Smin)/(Smax — Smin) ! [96]

Tau Index TI (st —s7)/(v/NeNw (Nt (N7 — 1)/2)) 1 [97]

Dunn Generalized Index DGI mingps 6(Cy, C},)/ maxy A(Cy) T [98]
Ratkowsky-Lance Index RLI \/ >0, (BGSS;/TSS;)/mp T [99]
Calinski Harabasz Index CHI (n —p)BGSS/(p —1)WGSS T [100]
Ray-Turi Index RTI WGSS/(nming . ||ck — cpr[|?) N [101]
Wemmert-Gancarski Index WGI % b _, max{0,n) — Zzeck (llx = crll/ ming_spr ||z — cpr )} T [971
Dunn Index DI min; j{mingec, yec; d(x,y)}/ maxy{max; yec, d(z,y)} 0 [102]
Trace WiB Index TWBI Tr(WG~1.BG) 0 [103]
Ball-Hall Index BHI T LSC vecy 1z — ekl 1 [104]
PBM Index PBMI (L Zif%iifj;(wk) x maxy<jy d(ck — cpr))> 4 [105]
Xie-Beni Index XBI WGSS/[n x (mini<j{minzeci’yecj d(m,y)})g] 1 [106]
Davies Bouldin Index DBI % 7 man;ﬁi{n% Ywec; llz —all + % ercj [lz — cjl|/d(ci,cj)} 1 [107]
Det Ratio Index DRI det (T)/ det (WQ) 1 [108]
Ksq DetW Index KDWI p? det(WG) + [109]
Log Det Ratio Index LDRI nlog(det (T)/ det (WQ)) 1 [108]
Log SS Ratio Index LSSRI log(BGSS/WGSS) 1 [110]
Trace W Index TWI Tr(WGQG) T [111]

D: data set; c: center of D; C;: the i-th cluster; n;: the number of data in Cj;; cg: center of Cy; c: center of the whole set of data;
d(z, y):d.istance between x and y; Syy: the sum of the within-cluster distances Zi:} Zz,yGCk,z<y d(x, y); 5{3: the sum.of the between-
cluster distances D, ./ ZZECk,yECk/,z<y d(z,y); Ny the total number of distances between pairs of points belonging to the same
cluster; Np: the total number of distances between pairs of points that do not belong to the same cluster; sT: the number of times a distance
between two points that belong to the same cluster is strictly smaller than the distance between two points not belonging to the same cluster;
s~ : the number of times a distance between two points lying in the same cluster is strictly greater than a distance between two points
not belonging to the same cluster; Np: the total number of pairs of points in the dataset n(n — 1)/2; Spin: the smallest within-cluster
distance; Smax: the largest within-cluster distance; A(C},): the within-cluster di§tances > yeCy waty U, y)/(nk(nkfl)) d(Cy, C},): the
between-cluster distance min, ¢ ¢, Jject, d(z,y); BGSS;: Zz;l nk(c{C - C])Q.; TSS;: vazl (Dij —cd); BGSS: Y0 _ ) nlley —
WGSS: b, >wecy Iz — el T = t” = > sep (@ — c’)‘(:vj —d); WG’“ € RPXP js the within-group scatter matrix of
cluster k, and its elements wfj = nkCOV(x}C,xi);wfj = nyVar(z},), where x}, denotes the ith feature of a sample point in cluster
kWG =3F_ WGF;BG is between-group scatter matrix, and its element b;; = > 7 _, ni(ch — ¢*)(c], — ¢J).

TABLE II

PARAMETERS OF THE DATASETS (1.E., n, m, p, AND b), PROBLEM (15)
(I.E., PENALTY PARAMETER p), BMM COOLING SCHEDULE (5)
(L.E., Ty), AND CNO-CC (1.E., M AND N)

\/ O— 3 USED IN THE EXPERIMENTS
\ ]

\\,, Dataset n m p b p To M N
- SICI 100 2 10 720 5 2.6 500 8
sic2 200 2 15 840 6 2.5 500 8
SJC3a 300 2 25 740 5 1.7 500 16
. . . . SJC3b 300 2 30 740 65 25 900 8
Fig. 1. Tllustration of the clustering results based on the distance measures SJC4a 402 2 30 840 65 1.7 800 32
with and without normalization. SIC4b 402 5 40 840 5:5 1: 4 500 16
U724_010 724 2 10 4175 8 2.5 600 32
Donil 1000 2 6 200 7 2.5 800 16
. _ _ R11304_010 1304 2 10 7237 45 2.5 1000 64
(i.e., n1 = ny = n/2, where n; denotes the number of data Doni2 2000 2 6 400 7 25 1000 64

in cluster /), then the total number of weighted connections is
up to n2/2. Now suppose that cluster 1 contains g more data
than cluster 2. Then, n| = (n+¢)/2,n2 = (n —q)/2, and the  (i.e., g*>/2 more). As a result, the clustering results based on
total number of weighted connections increases to (n>+¢?%)/2  the formulation in (7) tend to be unnaturally balanced in terms
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MEAN VALUES AND STANDARD DEVIATIONS OF 21 INTERNAL CLUSTER VALIDITY CRITERIA RESULTING FROM CNO-CC AND SEVEN BASELINES ON

TABLE

I

SJCI1 (n =100, p = 10, AND b = 720), SIC2 (n = 200, p = 15, AND b = 840), SJC3a (n = 300, p = 25, AND b = 740),
AND SJC3b (n = 300, p = 20, AND b = 740)

CNO-CC

TS [20]

GRASP-VND [20]

GRASP-VND-TS [20]

IVNS [21]

GVNS [25]

SGVNS [25]

NDVNS [26]

0.2912 + 0.0061
0.0089 =+ 0.0007
0.8999 + 0.0080
0.0448 =+ 0.0033
0.3790 + 0.0049
0.373610.0410
0.3019 =+ 0.0008
102.4833 + 5.3809
0.3876 + 0.0834
0.4819 + 0.0202
0.0799 + 0.0095
19.9010 £ 1.3024
0.0089 =+ 0.0006
0.1055 £ 0.0054
9.0244 + 1.4727
0.8325 £ 0.0442
98.7081 + 8.8463
18.2605 + 1.6466
458.8339 1 8.9885
2.3258 + 0.0535
0.8889 + 0.0440

0.3185 + 0.0126
0.0120 + 0.0015
0.8606 + 0.0167
0.0613 + 0.0069
0.3564 + 0.0069
0.2722 + 0.0744
0.2970 + 0.0034
76.3844 £+ 12.2112
1.2469 + 1.4654
0.388 £ 0.0331
0.0582 + 0.0151
14.8238 + 2.3890
0.0131 + 0.0036
0.0792 + 0.0113
14.1175 £ 5.3499
1.2400 + 0.4275
60.6881 + 14.4335
31.5014 £ 9.4670
407.5064 + 26.4344
2.0195 + 0.1753
1.1808 =+ 0.1958

0.3031 + 0.0101
0.0103 + 0.0011
0.8784 + 0.0136
0.0535 + 0.0056
0.3608 + 0.0059
0.3519 + 0.0543
0.2998 + 0.0015
88.1989 + 8.4837
55.6331 £ 242.9702
0.4398 + 0.0355
0.0739 + 0.0099
18.0611 £ 1.6630
0.0107 = 0.0012
0.0953 + 0.0096
10.1555 £ 1.9040
1.8042 + 3.3009
78.4804 £ 13.0010
23.4615 + 4.3656
434.8922 + 17.4596
2.1725 + 0.0983
1.0234 4 0.0918

0.3043 £ 0.0060
0.0104 £ 0.0006
0.8775 4 0.0080
0.0540 + 0.0034
0.3608 £ 0.0044
0.3293 + 0.0923
0.2990 + 0.0024
84.1652 £ 9.9181
0.8844 + 0.9473
0.4311 + 0.0305
0.0676 + 0.0180
16.8894 £ 2.2708
0.0118 + 0.0031
0.0910 £ 0.0099
10.7707 £ 2.9138
1.0808 + 0.2865
72.4738 £ 12.2052
25.5810 £ 5.7475
426.7030 £+ 19.3799
2.1226 + 0.1317
1.0731 4 0.1376

0.2898 + 0.0055
0.0087 4 0.0006
0.8965 + 0.0080
0.0461 + 0.0033
0.3686 £ 0.0042
0.3925 + 0.0328
0.3017 £ 0.0006
99.7049 + 4.7139
0.4567 + 0.3158
0.4844 + 0.0175
0.0789 + 0.0073
19.9329 + 0.4225
0.0094 £ 0.0004
0.1072 £ 0.0043
9.0814 + 1.5593
0.8628 + 0.0878
94.7907 + 8.8444
19.0216 £ 1.7137
454.7617 £ 9.1900
2.2986 + 0.0472
0.9110 % 0.0390

0.2885 =+ 0.0057
0.0086 + 0.0006
0.8985 + 0.0083
0.0453 + 0.0034
0.3696 + 0.0045
0.3819 + 0.0353
0.3018 + 0.0006
100.8864 + 4.8262
0.3889 + 0.2383
0.4878 + 0.0185
0.0772 + 0.0074
20.015 + 0.3696
0.0094 £ 0.0004
0.1083 =+ 0.0042
9.5577 + 1.5712
0.8417 + 0.0729
97.2317 £ 8.8509
18.5441 £ 1.7129
457.3108 &+ 9.1915
2.3103 £ 0.0482
0.9013 + 0.0398

0.2907 + 0.0061
0.0088 + 0.0007
0.8954 + 0.0087
0.0466 + 0.0036
0.3680 + 0.0047
0.3766 + 0.0302
0.3016 + 0.0006
99.2471 £ 4.7849
0.4203 + 0.2383
0.4819 + 0.0202
0.0747 + 0.0071
19.5196 + 0.8641
0.0095 £ 0.0004
0.1065 + 0.0049
9.9171 + 1.3681
0.8573 + 0.0715
94.7061 + 8.6671
19.0367 £ 1.7296
454.6813 + 9.1303
2.2939 + 0.0480
0.9148 + 0.0397

0.2998 + 0.0082
0.0098 + 0.0009
0.8841 + 0.0110
0.0514 + 0.0045
0.3644 + 0.0054
0.3015 + 0.0793
0.2994 + 0.0024
86.8653 £ 11.7945
1.4253 £ 3.1528
0.4468 + 0.0310
0.0630 + 0.0149
17.154 4 2.1965
0.0117 + 0.0031
0.0950 + 0.0094
11.0226 + 2.1915
1.1279 + 0.3939
77.3635 £+ 15.9286
24.2377 + 6.0042
432.6364 + 22.2501
2.1523 + 0.1443
1.0462 + 0.1425

CNO-CC

TS [20]

GRASP-VND [20]

GRASP-VND-TS [20]

IVNS [21]

GVNS [25]

SGVNS [25]

NDVNS [26]

0.2196 =+ 0.0008
0.0030 =+ 0.0001
0.9505 + 0.0012
0.0290 + 0.0006
0.3313 + 0.0021
0.4445 =+ 0.0363
0.2513 =+ 0.0002
258.5375 4 3.3617
0.2915 £ 0.0265
0.5047 £ 0.0140
0.1036 + 0.0068
39.8867 + 1.3068
0.0065 + 0.0001
0.0882 + 0.0033
7.5351 + 1.2285
0.8143 + 0.0189

94.7196 + 2.6533

2.9737 £ 0.0131
1.3040 + 0.0163

0.2368 + 0.0046
0.0042 + 0.0003
0.9302 + 0.0056
0.0398 + 0.0027
0.3208 + 0.0025
0.2543 + 0.1119
0.2492 + 0.0010
198.1424 + 25.4384
1.4581 + 3.6889
0.4345 + 0.0206
0.0543 + 0.0257
30.7008 + 3.9930
0.0092 + 0.0021
0.0737 + 0.0051
98.7739 + 258.4076
1.0817 £ 0.4001

160.8219 + 39.6709

2.6992 + 0.1360
1.7021 £ 0.2272

0.2294 + 0.0042
0.0037 £ 0.0003
0.9375 £+ 0.0048
0.0358 + 0.0023
0.3220 + 0.0017
0.3048 + 0.1258
0.2497 + 0.0011
210.2064 + 30.5971
0.8145 + 1.3649
0.4619 + 0.0211
0.0605 + 0.0298
32.8270 & 4.7591
0.0088 + 0.0020
0.0758 + 0.0052
88.2315 + 237.7553
1.0054 £+ 0.2123

143.0536 £ 39.0039

2.7560 + 0.1537
1.6173 4 0.2428

0.2275 4 0.0041
0.0036 + 0.0003
0.9398 + 0.0045
0.0347 £+ 0.0022
0.3231 + 0.0017
0.3231 + 0.0822
0.2502 + 0.0008
223.6604 + 23.6017
0.5058 + 0.4307
0.4713 4+ 0.0191
0.0666 + 0.0203
34.9680 + 4.3016
0.0081 + 0.0017
0.0798 + 0.0046
11.1735 + 2.8489
0.9441 + 0.1134

394.4584 £ 10.9094 244.0968 =+ 52.0090 277.7956 + 65.5524 307.0154 + 56.5147

126.6106 + 29.1817

1195.4295 1 5.5669 1094.7444 + 46.0297 1119.4389 + 51.4379 1141.6510 + 41.1824

2.8231 + 0.1123
1.5117 4+ 0.1692

0.2231 + 0.0021
0.0033 £ 0.0002
0.9443 £+ 0.0027
0.0324 4+ 0.0012
0.3238 + 0.0008
0.3590 + 0.0697
0.2506 £ 0.0006
237.8632 + 20.5717
0.3317 4 0.0644
0.4850 + 0.0123
0.0747 &+ 0.0186
37.3805 + 3.3259
0.0073 £ 0.0010
0.0812 4 0.0036
10.9023 £ 2.9168
0.8619 =+ 0.0455

343.1438 + 44.8690 350.5524 + 20.1827

111.3756 + 20.9530

1165.5769 + 31.2172 1171.5785 + 11.7554

2.8862 + 0.0981
1.4226 4 0.1482

0.2237 + 0.0015
0.0033 + 0.0001
0.9440 + 0.0018
0.0326 + 0.0009
0.3243 + 0.0011
0.3875 + 0.0681
0.2507 £ 0.0002
241.5310 + 6.6453
0.3641 + 0.0772
0.4836 + 0.0115
0.0829 + 0.0154
37.8883 + 2.1739
0.0071 % 0.0003
0.0829 + 0.0049
10.0255 £ 2.9901
0.8764 + 0.0384

106.8548 £ 6.4191

2.9053 £ 0.0280
1.3917 4 0.0375

0.2214 + 0.0009
0.0031 + 0.0001
0.9465 + 0.0011
0.0314 + 0.0006
0.3246 + 0.0006
0.3664 + 0.0507
0.2510 + 0.0002
249.4157 + 3.0561
0.3172 + 0.0221
0.4899 + 0.0093
0.0852 + 0.0116
38.8283 + 0.8177
0.0069 + 0.0001
0.0818 + 0.0010
11.4161 £ 2.5194
0.8448 + 0.0105
369.8853 + 8.269
100.9878 £ 2.3516

0.2260 + 0.0025
0.0035 £ 0.0002
0.9411 £ 0.0030
0.0340 + 0.0014
0.3229 + 0.0013
0.3553 + 0.0788
0.2503 + 0.0006
229.6104 + 19.1541
0.5341 + 0.6963
0.4761 + 0.0130
0.0702 £ 0.0211
36.4887 £ 3.3470
0.0077 + 0.0013
0.0800 + 0.0040
10.4440 + 2.8216
0.9206 + 0.1464
322.0058 + 44.7075
118.9380 £ 23.0074

1182.5898 + 4.5613 1152.6488 + 32.6283

2.9377 £ 0.0124
1.3492 4+ 0.0162

2.8514 £ 0.0913
1.4694 + 0.1377

CNO-CC

TS [20]

GRASP-VND [20] GRASP-VND-TS [20]

IVNS [21]

GVNS [25]

SGVNS [25]

NDVNS [26]

TWBI{
BHI{
PBMIt
XBI|
DBI|
DRI{
KDWI|
LDRI{
LSSRIt
TWI,

0.1708 + 0.0013
0.0012 =+ 0.0000
0.9680 =+ 0.0012
0.0210 =+ 0.0007
0.2653 =+ 0.0019
0.3717 £ 0.0504
0.1970 =+ 0.0001

0.3630 + 0.1204
0.5066 =+ 0.0060
0.0915 + 0.0114
72.0777 £ 2.2505
0.0036 + 0.0001

0.0634 + 0.0018
9.3436 + 2.0224

0.8200 + 0.0216

3.5645 + 0.0172
1.0829 + 0.0181

0.1841 + 0.0030
0.0017 £ 0.0001
0.954 + 0.0032
0.0289 + 0.0015
0.2572 4+ 0.0012
0.1955 + 0.0875
0.196 + 0.0006

1.1273 £ 1.6790
0.4231 + 0.0126
0.0418 + 0.0187
54.9746 £+ 6.9229
0.0055 =+ 0.0015
0.0510 + 0.0029
18.3319 + 7.0728
1.1033 4 0.2320

3.2671 + 0.1241
1.4538 + 0.1831

0.1753 + 0.0025
0.0014 £ 0.0001
0.962 + 0.0024
0.0244 + 0.0013
0.259 £ 0.0008
0.2586 + 0.0889
0.1965 + 0.0003

1.2072 + 2.678
0.467 £ 0.0144
0.053 £ 0.0183
62.0912 £ 6.9259
0.0048 + 0.0011
0.0571 + 0.004
10.4922 + 1.9231
1.0189 + 0.259

248.8755 + 46.6535

3.3991 + 0.1049
1.2774 £+ 0.1374

0.1756 + 0.0023
0.0014 £ 0.0001
0.9616 + 0.0025
0.0246 + 0.0012
0.2588 + 0.0011
0.2742 + 0.0692
0.1965 + 0.0004

404.7875 1 6.9407 302.7338 + 35.5859 344.7671 + 33.9902 347.9867 + 32.7213

0.5998 + 0.3756
0.4666 + 0.0120
0.0526 + 0.0154
62.0780 £ 5.2805
0.0045 £ 0.0009
0.0583 + 0.0027
11.3083 £ 2.2616
0.9311 + 0.0661

1100.1036 + 36.3253 646.8354 + 133.3649 827.5845 + 131.2393 835.3834 + 131.4999
182.2096 + 6.0241 325.4795 + 84.3851
2100.7924 + 9.9122 1934.6818 + 68.8172 2011.5618 + 51.6638 2014.3997 + 51.6033

246.5349 + 46.3217

3.4089 + 0.0995
1.2647 £+ 0.1282

0.1700 =+ 0.0010
0.0012 =+ 0.0000
0.9669 + 0.0012
0.0218 £ 0.0005
0.2597 + 0.0005
0.3501 + 0.0704
0.1969 + 0.0003

0.1723 + 0.0015
0.0013 =+ 0.0001
0.9649 + 0.0017
0.0230 + 0.0008
0.2592 + 0.0008
0.3079 + 0.049
0.1968 + 0.0002

0.1712 £ 0.0009
0.0012 =+ 0.0000
0.9659 + 0.001
0.0224 + 0.0005
0.2594 + 0.0007
0.3390 + 0.0439
0.1969 + 0.0001

387.5973 £ 25.0785 379.5439 + 15.2302 387.4522 + 7.5671

0.6124 + 0.6477
0.4911 =+ 0.0099
0.0731 + 0.0172
69.5166 + 3.4699
0.0040 £ 0.0006
0.0624 + 0.0022
8.0296 + 2.3749
0.8987 + 0.1277

0.4331 + 0.1142
0.4825 + 0.0072
0.0637 + 0.0175
68.0131 £ 2.5883
0.0040 £ 0.0002
0.0605 + 0.0018
11.3727 £+ 2.5176
0.8755 + 0.0355

0.4929 + 0.2348
0.4873 + 0.0046
0.0704 + 0.0141
69.3132 & 2.1077
0.0039 + 0.0001
0.0618 + 0.0012
9.3656 + 2.4405
0.8684 + 0.0278

0.1739 + 0.0018
0.0013 =+ 0.0001
0.9632 + 0.0018
0.0238 + 0.0009
0.2588 + 0.0007
0.2854 + 0.0543
0.1966 + 0.0002
364.6832 + 16.9603
0.6200 + 0.5232
0.4751 + 0.0115
0.0577 + 0.0177
66.1876 + 2.8711
0.0042 + 0.0003
0.0593 + 0.0020
10.9898 + 2.6433
0.9115 + 0.0806

1021.8948 + 109.4389 976.6157 + 70.6804 1012.7544 + 37.0671 904.9806 + 77.1335

198.8599 + 28.8223 206.1698 £ 16.5549

197.9757 + 7.3615

222.9684 + 21.1989

2076.8366 £ 37.2388 2064.4296 + 22.8465 2075.9358 £ 11.0679 2041.2665 + 26.9296

3.5190 + 0.0707
1.1343 £ 0.0848

3.4995 + 0.0412
1.1542 £ 0.0474

3.5207 £ 0.0196
1.1300 + 0.0216

3.4592 + 0.0478
1.2005 + 0.0572

SJC3b

CNO-CC

TS [20]

GRASP-VND [20] GRASP-VND-TS [20]

VNS [21]

GVNS [25]

SGVNS [25]

NDVNS [26]

MRI]
GPI|
BHGIt
cIl
TI
DGIt
RLI{
CHIt
RTI)
WGIT
DI
TWBIt
BHI{
PBMIt
XBI|
DBI|
DRI}
KDWI|
LDRI{
LSSRIt
TWI,

0.1944 + 0.0019
0.0020 =+ 0.0001
0.9567 £ 0.0020
0.0263 =+ 0.0011
0.2939 =+ 0.0024
0.3511 =+ 0.0375
0.2190 =+ 0.0001

0.3934 + 0.0867
0.4739 4+ 0.0144
0.0705 + 0.0138
50.9202 + 1.8003
0.0050 =+ 0.0002
0.0686 =+ 0.0021

0.2084 + 0.0031
0.0027 £ 0.0002
0.9407 + 0.0034
0.0347 £+ 0.0017
0.2858 + 0.0017
0.1351 £+ 0.0747
0.2172 £ 0.0006

0.4069 + 0.0180
0.0252 + 0.0133
38.0629 + 5.3262
0.0084 + 0.0020
0.0562 + 0.0038

0.2025 + 0.0050
0.0025 + 0.0002
0.9463 + 0.0050
0.0317 £ 0.0026
0.2864 + 0.0013
0.2280 + 0.0912
0.2180 % 0.0007

0.9980 + 1.0222
0.4208 + 0.0278
0.0420 + 0.0179
42,9237 £ 5.9219
0.0068 =+ 0.0016
0.0612 + 0.0051

0.2031 + 0.0046
0.0025 £ 0.0002
0.9456 + 0.0050
0.0320 + 0.0024
0.2863 + 0.0017
0.2047 + 0.0810
0.2178 £+ 0.0007

371.6300 1= 9.3640 266.1958 + 28.3107 306.6767 + 37.512 301.2459 + 38.7819
26.8980 + 106.1727

6.6252 + 24.4985
0.4247 £+ 0.0218
0.0348 + 0.0149
424517 + 5.2993
0.0068 =+ 0.0014
0.0614 + 0.0050

11.7227 + 2.8035 166.3153 + 343.7722 oo + NaN 121.7859 + 316.5259
0.8754 + 0.0291 1.7279 £+ 1.9800 1.0756 £ 0.1909 1.2098 + 0.7705
574.9973 £ 29.9329 316.2264 + 59.0211 410.0772 + 83.8439 395.9581 + 85.6028
223.4398 + 11.3645 419.3810 + 81.5267 326.8737 + 76.2076 341.4278 + 89.9719
1905.9296 + 15.4340 1721.8702 + 57.0050 1798.4602 + 65.2702 1786.9037 + 71.1263
3.2272 + 0.0251 2.8885 + 0.1068 3.0279 £ 0.1279 3.0091 + 0.1367
1.5009 + 0.0360 2.0831 + 0.2115 1.8287 + 0.2323 1.8638 £ 0.2572

0.1936 + 0.0022
0.0020 + 0.0001
0.9555 + 0.0022
0.0270 £ 0.0011
0.2888 =+ 0.0007
0.2570 & 0.0736
0.2188 + 0.0004
354.9103 £ 30.2928
0.6246 + 1.0461
0.4763 + 0.0097
0.0447 £+ 0.0144
50.2138 £ 3.5694
0.0056 + 0.0010
0.0683 + 0.0029
54.2989 + 176.7933
0.9351 + 0.1640
535.1819 £ 70.7836
244.5495 + 40.8939
1881.8742 + 44.5762
3.1777 & 0.0921
1.5795 £ 0.1498

0.1962 + 0.0022
0.0022 =+ 0.0001
0.9528 + 0.0023
0.0284 + 0.0012
0.2880 + 0.0009
0.2478 + 0.0810
0.2185 £ 0.0005

0.1937 + 0.0032
0.002 =+ 0.0001
0.9553 + 0.0029
0.0270 + 0.0016
0.2888 + 0.0007
0.2434 + 0.0532
0.2186 + 0.0006

0.1989 + 0.0022
0.0023 =+ 0.0001
0.9503 + 0.0022
0.0297 + 0.0011
0.2878 + 0.0010
0.1990 + 0.0883
0.2182 + 0.0006

336.7602 £ 27.6364 349.9783 + 30.5821 320.2670 £ 33.5022

0.5880 + 0.3407
0.4613 + 0.0141
0.0451 + 0.0188
48.3719 + 3.3310
0.0060 £ 0.0009
0.0663 + 0.0027
56.1617 £ 185.2908
0.9458 + 0.0669

0.5670 + 0.5334
0.4735 + 0.0156
0.0427 + 0.0150
50.1709 £ 2.1726
0.0057 £ 0.0009
0.0684 + 0.0030

0.5195 &+ 0.1956
0.4466 + 0.0134
0.0382 + 0.0176
45.0213 £ 4.4839
0.0066 + 0.0015
0.0638 + 0.0033

16.1663 £ 3.1423
0.9305 + 0.0895

102.1993 £ 255.3857
1.0084 + 0.1657

486.9883 + 65.3027 522.5146 + 71.7992 440.3768 + 77.6892
268.2979 + 40.8280 250.1556 + 37.5735 301.1391 £ 60.7441
1853.6927 + 42.8079 1874.7225 + 43.2939 1821.3874 £ 57.0240

3.1257 £ 0.0852
1.6593 £ 0.1401

3.1637 £ 0.0901
1.6004 £ 0.1419

3.0733 & 0.1088
1.7478 £ 0.1873

of resulting cluster sizes. Consider a simple example illustrated

in Fig. 1,

where five samples are to be partitioned into two

clusters. If the total within-cluster Euclidean distance is used

as the objective function, then the total within-cluster distance

of the res

54+2 (~6.414), whereas more natural clusters surrounded by

ulting clusters surrounded by the two ellipses is

the two circles result in a bigger total within-cluster distance
(i.e., 4 +2v2 ~ 6.828).

The unnatural clustering result is because the sum of

dissimilarity coefficients in each cluster is not normalized
by the size of the cluster, and the terms in the objective
function (i.e., the numbers of intra-cluster weighted con-
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TABLE IV

MEAN VALUES AND STANDARD DEVIATIONS OF 21 INTERNAL CLUSTER VALIDITY CRITERIA RESULTING FROM CNO-CC AND SEVEN BASELINES ON
SJC4a (n =402, p = 30, AND b = 840), SJC4b (n = 402, p = 40, AND b = 840), DONII (n = 1000, p = 6,
AND b = 200), AND U724_010 (n = 724, p = 10, AND b = 4175)

SJCda CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI] 0.1617 £ 0.0009 0.1745 £ 0.0034 0.1656 £ 0.0024 0.1662 £ 0.0026 0.1608 + 0.0006 0.1630 £ 0.0016 0.1609 £ 0.0011 0.1652 £ 0.0023
GPI} 0.0009 + 0.0000 0.0012 £+ 0.0001 0.0010 £ 0.0001 0.0010 £ 0.0001 0.0009 + 0.0000 0.0009 £ 0.0001 0.0009 + 0.0000 0.0010 £ 0.0001
BHGIT 0.9722 + 0.0007 0.9597 £ 0.0034 0.9675 £ 0.0024 0.9669 + 0.0030 0.9716 £ 0.0007 0.9700 £ 0.0017 0.9717 £ 0.0009 0.9676 £ 0.0024
CI 0.0203 £ 0.0005 0.0278 £ 0.0017 0.0232 £ 0.0013 0.0235 £ 0.0014 0.0208 =+ 0.0004 0.0218 £ 0.0009 0.0208 =+ 0.0006 0.0230 £ 0.0013
TIT 0.2445 + 0.0018 0.2380 + 0.0010 0.2399 + 0.0013 0.2396 + 0.0012 0.2401 =+ 0.0006 0.2404 £ 0.0009 0.2405 =+ 0.0004 0.2395 £ 0.0011
DGIT 0.3219 + 0.0371 0.1878 £ 0.0818 0.2701 £ 0.0642 0.2859 + 0.0444 0.3195 £ 0.0166 0.3090 £ 0.0546 0.3135 £ 0.0243 0.2738 £ 0.063
RLIT 0.1802 + 0.0000 0.1793 + 0.0005 0.1799 £ 0.0002 0.1798 + 0.0003 0.1802 + 0.0000 0.1801 =+ 0.0002 0.1802 + 0.0000 0.1799 =+ 0.0002
CHItT 498.6002 + 6.0055 369.2308 £ 52.5659 443.6728 + 32.5099 441.9115 + 37.6014  493.8303 £ 7.7804  474.4083 & 31.0926  494.3243 + 8.7970  444.7208 + 38.7877
RTI, 0.3992 + 0.0771 1.2593 + 2.3404 0.6141 £ 0.4526 0.5599 + 0.2479 0.3759 £ 0.0618 0.4317 £ 0.0818 0.3529 + 0.0752 0.4639 £ 0.1143
WGIT 0.4956 + 0.0072 0.4146 £ 0.0179 0.4571 £ 0.0144 0.4552 £ 0.0138 0.4884 + 0.0038 0.4794 £ 0.0091 0.4892 =+ 0.0099 0.4636 £ 0.0157
DIt 0.0706 + 0.012 0.0361 + 0.0169 0.0502 + 0.0138 0.0528 + 0.0152 0.0628 + 0.0083 0.0639 £ 0.0145 0.0639 £ 0.0065 0.0481 £ 0.0145
TWBIT 78.5796 + 1.0125 59.2018 + 7.5660 70.0792 + 4.8002 70.3298 + 4.3991 77.9525 + 1.3813 74.732 £ 5.0563 77.6053 + 1.5804 70.5927 + 5.5945
BHIT 0.0033 £ 0.0001 0.0052 =+ 0.0015 0.0040 £ 0.0006 0.0039 £ 0.0004 0.0034 £ 0.0001 0.0036 £ 0.0005 0.0034 £ 0.0001 0.0040 =+ 0.0007
PBMIT 0.0463 £ 0.0011 0.0378 + 0.0031 0.0432 + 0.0019 0.0434 £ 0.0021 0.0468 £ 0.0011 0.0457 £ 0.0012 0.0470 £ 0.0011 0.0439 £ 0.0019
XBI| 12,4057 + 2.6121 56.6422 + 166.5107 13.8765 + 3.2790 13.7061 + 3.0683 11.6069 + 0.7190 12.5355 + 2.8518 12.3814 + 2.3056 13.5358 + 2.2493
DBI| 0.8499 + 0.0235 1.1145 + 0.4061 0.9412 + 0.0792 0.9223 + 0.0534 0.8524 + 0.0157 0.8764 £ 0.0430 0.8393 + 0.0238 0.9178 £ 0.0667
DRIt 1544.5359 + 35.9685 893.5758 =+ 218.3921  1245.1532 + 165.9415 1237.3347 + 178.8119 1517.4247 + 46.4320 1410.7967 + 160.0167 1518.5656 + 50.9333 1252.9298 + 185.1040
KDWI| 405.7688 + 9.3628 747.2372 £+ 204.5497 513.1724 £ 81.2655 518.8592 £ 93.3179  413.1743 £ 12.6167  452.4415 4 79.659  412.9747 £ 15.0045 513.2491 + 96.7607
LDRIT 2951.5735 + 9.3185 2719.3315 £ 104.4913  2861.2945 £ 58.0770 2857.9441 + 64.5988 2944.379 £ 12.2879 2912.0389 + 56.1234 2944.6335 + 14.0181 2862.7154 £ 66.6842
LSSRIT 3.6601 + 0.012 3.3497 + 0.1480 3.5408 + 0.0766 3.5358 £ 0.0908 3.6505 £ 0.0157 3.6081 £ 0.0733 3.6514 + 0.0181 3.5419 + 0.0933
TWI] 1.3457 £ 0.0157 1.8363 + 0.2714 1.5154 £ 0.1179 1.5245 + 0.1431 1.3585 + 0.0208 1.4192 £ 0.1133 1.3573 £ 0.0244 1.5157 £ 0.1467
SJC4b CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI} 0.1404 £+ 0.0007 0.1525 £ 0.0019 0.1421 £ 0.0010 0.1420 £ 0.0012 0.1387 £ 0.0004 0.1409 £ 0.0011 0.1412 £ 0.0015 0.1433 £ 0.0019
GPI} 0.0005 £ 0.0000 0.0007 £ 0.0000 0.0005 =+ 0.0000 0.0005 =+ 0.0000 Se-04 £+ 0.0000 0.0005 + 0.0000 0.0005 + 0.0000 0.0005 + 0.0000
BHGIT 0.9789 + 0.0005 0.9687 + 0.0018 0.9766 + 0.0009 0.9767 £ 0.0009 0.9789 + 0.0004 0.9776 £ 0.0007 0.9774 £ 0.0011 0.9760 £ 0.0016
CI 0.0169 + 0.0003 0.0239 + 0.0010 0.0186 + 0.0005 0.0186 £ 0.0006 0.0170 £ 0.0003 0.0180 =+ 0.0005 0.0181 =+ 0.0008 0.0188 £ 0.0010
TIT 0.2119 + 0.0016 0.2058 + 0.0009 0.2073 £ 0.0010 0.2072 £ 0.0007 0.2072 £ 0.0004 0.2074 £ 0.0007 0.2075 £ 0.0007 0.2091 £ 0.0011
DGIT 0.3799 £ 0.0312 0.1994 + 0.1107 0.3497 + 0.0385 0.3406 + 0.0548 0.3363 £ 0.0349 0.3514 £ 0.0396 0.3148 £ 0.1175 0.3516 + 0.0507
RLIT 0.1566 + 0.0000 0.1562 + 0.0002 0.1565 £ 0.0000 0.1566 =+ 0.0000 0.1566 £ 0.0000 0.1566 + 0.0000 0.1566 + 0.0000 0.1565 £ 0.0001
CHIT 513.725 + 5.4451 384.1615 + 47.2820 480.8249 + 10.8762  484.1197 + 11.2747  512.7677 £ 6.3912  495.8291 + 8.0646  492.8008 & 13.3102 475.9606 + 19.9467
RTI, 0.3774 £ 0.0441 0.8497 £ 0.9694 0.4767 £ 0.1459 0.4276 £ 0.0645 0.3184 + 0.0202 0.3836 £ 0.0707 0.3860 £ 0.0591 0.4761 £ 0.1414
WGIt 0.5063 £ 0.0056 0.4191 £ 0.0112 0.4785 £ 0.0104 0.4814 £ 0.0086 0.4991 £ 0.0025 0.4877 £ 0.0086 0.4824 £ 0.0111 0.4825 £+ 0.0113
DIt 0.0935 + 0.0116 0.0435 + 0.0248 0.0787 £ 0.0120 0.0805 + 0.0156 0.0853 =+ 0.0098 0.0872 £ 0.0114 0.0764 £ 0.0295 0.0807 £ 0.0170
TWBIT 111.8347 £ 1.7476 83.8534 + 10.3860 105.5817 + 3.2580 105.7676 + 2.7138  113.6038 + 1.6639 108.7719 £ 3.0278 108.1956 + 3.2120 104.3558 + 4.4165
BHIT 0.0023 £ 0.0000 0.0036 =+ 0.0010 0.0026 £ 0.0001 0.0026 + 0.0004 0.0024 £ 0.0000 0.0025 =+ 0.0000 0.0025 £ 0.0001 0.0026 £ 0.0001
PBMIT 0.0388 + 0.0014 0.0308 + 0.0017 0.0358 + 0.0008 0.0359 + 0.0008 0.0372 £ 0.0006 0.0366 £ 0.0010 0.0362 £ 0.0012 0.0355 £ 0.0011
XBI| 7.7450 + 0.8843 oo £ NaN 8.9076 + 2.0437 9.6219 £ 2.5903 9.4975 £ 1.5049 8.9239 + 1.7979 oo + NaN 8.6996 + 2.6812
DBI| 0.8171 + 0.0154 1.0310 £ 0.1911 0.8820 + 0.0265 0.8704 + 0.0208 0.8319 £ 0.0146 0.8514 £ 0.0221 0.8579 £ 0.0147 0.8797 £ 0.0313
DRIt 3085.3363 £ 64.6932 1787.1545 + 378.1010 2721.2710 & 125.5754 2750.2717 & 124.7211 3095.0143 + 74.1641 2891.1427 + 103.2887 2853.8801 =+ 151.9160 2669.9930 =+ 211.5043
KDWI| 361.0846 + 7.4726 659.5691 + 184.6830  410.0756 & 19.4624  405.7197 & 18.8605  360.0034 £ 8.6210  385.6469 =+ 13.7859 391.2915 + 21.4836 419.6211 + 33.8974
LDRIT 3229.7520 + 8.3742 2999.9735 + 98.3293  3178.9453 + 18.8101 3183.2219 + 18.4518 3230.9846 + 9.6302 3203.4579 + 14.3661 3197.9354 + 21.7116 3170.5005 =+ 32.1289
LSSRIT 4.0136 + 0.0106 3.7150 £ 0.1332 3.9472 £ 0.0228 3.9540 £ 0.0234 4.0117 £ 0.0125 3.9780 £ 0.0163 3.9717 £ 0.0272 3.9364 + 0.0421
TWI, 0.9522 + 0.0098 1.2860 £ 0.1796 1.0165 + 0.0228 1.0097 + 0.0233 0.9540 £ 0.0117 0.9860 £ 0.0158 0.9924 + 0.0268 1.0278 + 0.0427
Donil CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI} 0.3972 £ 0.0030 0.3701 £ 0.0064 0.3703 £ 0.0069 0.368 £ 0.0057 0.3657 + 0.005 0.365 + 0.0053 0.3662 £ 0.0053 0.3694 £ 0.0065
GPI 0.0335 4 0.0006 0.0273 £ 0.0018 0.0274 £ 0.0022 0.0268 £ 0.002 0.0261 £ 0.0018 0.0257 + 0.0019 0.0262 £ 0.0019 0.0272 £ 0.0022
BHGIT 0.7605 £ 0.0045 0.8085 + 0.0133 0.8072 £ 0.0165 0.8114 £ 0.0151 0.8195 + 0.0147 0.8158 £ 0.0148 0.8085 £ 0.0167
CI, 0.0971 £ 0.0018 0.0800 + 0.0040 0.0801 + 0.0044 0.0788 + 0.0037 0.0768 + 0.0035 0.0776 £ 0.0036 0.0796 =+ 0.0043
TIt 0.4025 + 0.0026 0.4314 £ 0.008 0.4305 + 0.0101 0.4327 + 0.0093 0.4376 + 0.0092 0.4354 £ 0.0093 0.4312 £ 0.0104
DGIT 0.0131 £ 0.0098 0.0113 £ 0.009 0.0214 £ 0.0044 0.0241 £ 0.0062 0.0226 £ 0.0076 0.0245 £ 0.0076 0.0268 £ 0.0089
RLIT 0.3503 + 0.0005 0.3449 + 0.0058 0.3458 £ 0.0079 0.3454 + 0.0069 0.3433 £ 0.0068 0.3415 £ 0.0073 0.3438 £ 0.0072 0.3462 £ 0.0079
CHIT 580.2544 + 6.2935 514.6513 £ 64.2013 525.7927 4 90.9895  524.7544 £ 71.9468 510.0968 £ 74.9872 489.8569 £ 80.0607 514.7695 £ 79.1941  532.1621 + 91.2768
RTL, 0.5811 + 0.0243 0.6085 £ 0.0733 0.6181 £ 0.0941 0.6164 £ 0.0897 0.6284 + 0.0854 0.659 £ 0.0904 0.6256 + 0.0879 0.5999 £ 0.0959
WGIT 0.482 + 0.0036 0.4845 + 0.013 0.4872 + 0.0137 0.4907 + 0.0041 0.4887 + 0.0027 0.4895 + 0.0022 0.4891 =+ 0.0027 0.4882 £ 0.0099
DIt 0.0015 £ 0.0011 0.0016 £ 0.0012 0.003 £ 0.0005 0.0033 £ 0.0006 0.0034 £ 0.0006 0.0032 £ 0.0007 0.0034 £ 0.0007 0.0036 £ 0.0007
TWBIt 5.9131 + 0.0761 5.6667 + 0.6746 5.5636 + 0.7249 5.5627 + 0.6696 5.5409 + 0.7499 5.2615 + 0.77 5.5540 £ 0.7614 5.6614 £ 0.7409
BHIT 0.0106 £ 0.0001 0.0152 £ 0.0027 0.0151 £ 0.0037 0.015 £ 0.0031 0.0158 + 0.0032 0.0167 + 0.0034 0.0156 £ 0.0034 0.015 £ 0.0038
PBMIT 0.0218 £ 0.0007 0.0247 £ 0.0025 0.0238 £ 0.0014 0.0248 + 0.0015 0.0255 + 0.0014 0.025 £ 0.0011 0.0253 £ 0.0014 0.0241 £ 0.0015
XBI| [21583.0483 + 20106.9153 24404.8432 + 36881.8857 1634.3854 £ 515.7399 1275.047 + 432.8792 1149.9033 + 297.29 1260.0305 + 305.6108 1160.1052 £ 299.5600 1116.3151 + 306.0384
DBI| 0.9033 + 0.0083 1.0726 + 0.1325 1.0625 + 0.1622 1.0501 + 0.1291 1.1029 £ 0.1134 1.1265 £ 0.1212 1.0937 + 0.1214 1.0563 + 0.1485
DRIt 15.0016 + 0.2518 13.5595 + 1.9698 13.7298 + 2.8103 13.5771 £ 2.3868 13.1675 + 2.5270 12.4065 + 2.6831 13.2967 + 2.6439 13.9822 + 2.8417
KDWI| 977.5146 + 16.282 1104.4573 £ 170.5992  1113.2937 + 235.4821 1114.6036 £ 210.4013 1153.9904 £ 224.468 1229.8482 + 235.5594 1146.0096 + 231.6428 1094.1964 £+ 0447
LDRIT 2708.0265 + 16.7196 2596.6638 + 149.8041 2598.9274 + 210.2179 2592.8983 + 183.0573 2559.9236 + 194.6549 2497.4316 + 205.5728 2568.2981 + 202.2223 2616.9463 £ 212.5089
LSSRIT 1.0711 + 0.0108 0.9437 £ 0.1255 0.9582 + 0.1748 0.9615 £ 0.1398 0.9321 + 0.146 0.8899 £ 0.1554 0.9402 £ 0.1533 0.9704 £ 0.1743
TWI] 10.4405 + 0.0842 11.4881 + 1.0373 11.3953 + 1.4334 11.3491 + 1.1519 11.5937 £ 1.2042 11.9514 + 1.2803 11.5305 + 1.2613 11.2956 + 1.4253
U724_010 CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI} 0.2857 + 0.0002 0.2904 £ 0.0021 0.288 + 0.002 0.2886 + 0.0021 0.2869 + 0.0015 0.2874 £ 0.0018 0.2872 £ 0.0016 0.2872 £ 0.0013
GPI 0.0067 + 0.0000 0.0072 + 0.0002 0.007 £+ 0.0002 0.0071 £ 0.0003 0.0069 £ 0.0002 0.0069 =+ 0.0002 0.0069 =+ 0.0002 0.0069 =+ 0.0002
BHGIT 0.9256 + 0.0003 0.9189 + 0.0025 0.9218 £ 0.0026 0.9208 £ 0.0028 .923 2 0.9225 + 0.0024 0.9228 + 0.0021 0.9228 + 0.0018
CL 0.0431 + 0.0002 0.0468 + 0.0013 0.0452 + 0.0013 0.0457 £ 0.0013 0.0449 + 0.0011 0.0447 £ 0.0010 0.0447 £ 0.0009
TIT 0.3928 + 0.0007 0.3883 £ 0.001 0.3893 £ 0.0011 0.389 £ 0.0011 0.3897 £ 0.0009 0.3898 £ 0.0009 0.3898 =+ 0.0008
DGIT 0.1575 + 0.0397 0.104 £+ 0.0372 0.1413 + 0.0408 0.1362 + 0.0437 0.1287 £ 0.0273 0.1526 + 0.0306 0.1429 + 0.0299 0.1255 £ 0.0277
RLIT 0.3009 £ 0.0000 0.3002 £ 0.0003 0.3005 + 0.0003 0.3004 £ 0.0003 0.3006 =+ 0.0002 0.3005 £ 0.0003 0.3006 £ 0.0002 0.3006 =+ 0.0002
CHIT 758.4242 + 0.5499 722.6965 + 12.9587 737.7558 + 14.1883 732.61 £ 152223 743.5445 £+ 9.5301  741.2396 + 11.9724  743.0472 + 10.0315  742.7902 + 9.0852
RTIL, 0.242 + 0.0039 0.2926 + 0.0237 0.2762 £ 0.0315 0.2857 £ 0.0356 0.2629 £ 0.0202 0.2685 £ 0.0225 0.2734 £ 0.0241 0.264 £ 0.0196
WGIT 0.4957 £ 0.0045 0.4804 + 0.0084 0.4851 £ 0.0047 0.4848 £ 0.0047 0.4878 £ 0.0052 0.4875 £ 0.0059 0.4867 £ 0.0073 0.4855 £ 0.0056
DIt 0.0311 + 0.0083 0.0195 + 0.0064 0.0276 + 0.0084 0.0257 + 0.0088 0.0247 £ 0.0057 0.0289 + 0.0053 0.0271 £ 0.0049 0.0238 + 0.0051
TWBIT 19.1542 + 0.0452 18.5859 £ 0.3061 18.9210 £ 0.2727 18.7672 + 0.3073 18.9646 + 0.2026 18.9333 + 0.2865 19.0032 + 0.2457 19.0085 £ 0.1951
BHIT 0.0164 £ 0.0001 0.0173 + 0.0003 0.0169 £ 0.0003 0.017 £ 0.0003 0.0168 £ 0.0002 0.0169 =+ 0.0002 0.0168 =+ 0.0002 0.0168 £ 0.0002
PBMIT 0.1095 + 0.0007 0.1043 £ 0.003 0.1068 £ 0.0041 0.1063 £ 0.0034 0.1061 £ 0.0036 0.1068 =+ 0.0033 0.1071 £ 0.0031 0.1067 £ 0.0028
XBI| 102.8882 + 68.3431 257.3993 + 204.5996 129.7696 + 75.3984  145.1907 + 80.1117  137.9924 + 62.9588  98.2766 + 46.4781 113.7271 + 56.2674  145.1594 + 63.6229
DBI| 0.8216 £+ 0.0124 0.8708 + 0.0233 0.861 + 0.0158 0.8677 £ 0.0201 0.8562 + 0.0204 0.855 + 0.0187 0.8545 + 0.0200 0.8587 £ 0.0160
DRIt 111.3492 + 0.4285 103.4431 £ 2.7301 107.0575 £ 3.0396 105.6642 + 3.6039 108.0547 £ 1.9102 107.536 + 2.7541 108.1181 £ 2.0899 108.2695 £ 1.6049
KDWI| | 35249234 + 13.5417 3796.7629 + 99.1802  3669.0281 + 105.7227 3718.6638 + 127.8848 3633.4428 + 65.3669 3652.2013 + 95.9685 3631.5602 + 73.2004 36259105 + 54.7421
LDRIT 3411.969 + 2.7839 3358.4141 £ 19.0098  3383.2373 £ 20.7102 3373.6303 + 24.7978 3390.1208 + 12.9117 3386.516 & 18.7835 3390.5219 + 14.2905 3391.5907 £ 10.8306
LSSRIT 2.2576 + 0.0007 22092 £ 0.0179 2.2298 £ 0.0193 2.2227 + 0.0208 2.2377 £ 0.0128 22345 £ 0.0162 22370 £ 0.0136 22367 £ 0.0122
TWI] 11.9031 + 0.0078 12.4365 4+ 0.2002 12.2078 + 0.2138 12.2857 4+ 0.2314 12.1199 + 0.1409 12.1549 + 0.1792 12.1274 £ 0.1497 12.1309 £ 0.1343
nections in a fully connected data graph) are quadratically follows:
proportional to the cluster sizes. To remedy the shortcom- PSS g
. . . . . . . dii XX
ing, the quadratic assignment problem formulation can be min z i=1 £uj<i GjriA
. . . . . n
normalized by using cluster cardinality. The normalized total S iy Xil
within-cluster distance for the circled clusters in Fig. 1 is p
1 + +/2/2 (=1.707), much smaller than that of the unnat- s.t. z xp=1, i=1,2,...,n
ural clusters surrounded by the ellipses ((2 + +/2)/3 + 3/2 =1
~ 2.638). n
Let n; be the number of data points in cluster [ E aipxit <b;,, 1=1,2,...,p
for I = 1,2,...,p. As such, the quadratic assign- i=1
ment problem for capacitated clustering is reformulated as xp€{0,1}, i=12,....,n; I =1,2,...,p.
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LI AND WANG: CAPACITATED CLUSTERING VIA MAJORIZATION-MINIMIZATION AND CNO 7

TABLE V

MEAN VALUES AND STANDARD DEVIATIONS OF 21 INTERNAL CLUSTER VALIDITY CRITERIA RESULTING FROM CNO-CC AND SEVEN BASELINES ON
RL1304_010 (n = 1304, p = 10, AND b = 7237) AND DONI2 (n = 2000, p = 6, AND b = 400)

RI11304_010 CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI} 0.2961 + 0.0017 0.2994 £ 0.0028 0.3005 £ 0.0037 0.2987 £ 0.0030 0.2982 £ 0.0031 0.2975 £ 0.0031 0.2967 £ 0.0022 0.2977 £ 0.0038
GPI 0.0082 + 0.0002 0.0086 =+ 0.0003 0.0087 £ 0.0005 0.0085 £ 0.0004 0.0084 £ 0.0004 0.0083 £ 0.0003 0.0082 £ 0.0003 0.0084 + 0.0005
BHGIT 0.9091 + 0.0024 0.9048 4 0.0038 0.9031 £ 0.0052 0.9055 + 0.0043 0.9064 £ 0.0044 0.9076 + 0.0038 0.9084 + 0.0029 0.907 £ 0.0053

CL, 0.0494 + 0.0011 0.0515 4+ 0.0018 0.0522 + 0.0023 0.0511 £ 0.0019 0.0507 £ 0.0019 0.0503 £ 0.002 0.0498 + 0.0014 0.0504 + 0.0024
TIT 0.3855 + 0.0011 0.3836 4 0.0016 0.3829 4 0.0022 0.384 + 0.0018 0.3843 4 0.0018 0.3847 + 0.0016 0.3852 £ 0.0012 0.3846 + 0.0022
DGIT 0.0362 + 0.0033 0.0345 4 0.0007 0.0364 £ 0.0044 0.0366 £ 0.0065 0.0368 4 0.0053 0.0364 + 0.0043 0.0371 £ 0.004 0.0386 + 0.0064
RLIT 0.2984 + 0.0004 0.2979 =+ 0.0008 0.2977 + 0.0008 0.298 + 0.0007 0.2981 + 0.0009 0.2983 + 0.0005 0.2984 + 0.0005 0.2983 + 0.0006
CHIT 1224.9948 + 19.9023 1189.2908 + 33.4863 1175.1102 £ 43.5504 1193.706 £ 37.9317 1202.5524 + 38.5758 1212.973 + 30.3621 1219.3629 + 24.8813 1207.0595 + 45.7817
RTI| 0.3207 + 0.0360 0.3272 + 0.0424 0.3312 4+ 0.0312 0.3258 + 0.0562 0.3111 + 0.0462 0.3143 + 0.0338 0.3265 + 0.0348 0.3215 + 0.0400
WGIT 0.4786 + 0.0085 0.4687 + 0.0089 0.4672 + 0.0084 0.4701 + 0.0100 0.4737 4+ 0.0078 0.4741 £ 0.0113 0.4773 + 0.0074 0.4734 + 0.0104
DIt 0.0075 + 0.0009 0.007 £+ 0.0005 0.0074 £+ 0.0011 0.0075 + 0.0013 0.0076 + 0.0011 0.0076 + 0.0008 0.0078 £+ 0.0011 0.008 + 0.0012
TWBIT 17.6579 + 0.6551 17.4335 + 0.9964 17.2613 + 1.0668 17.2654 + 1.0337 17.423 + 0.9258 17.3198 + 0.6741 17.4921 + 0.695 17.2546 + 0.795
BHIT 0.0164 + 0.0002 0.0168 + 0.0005 0.017 + 0.0006 0.0168 + 0.0005 0.0167 + 0.0005 0.0165 £ 0.0004 0.0164 £ 0.0003 0.0166 £ 0.0006
PBMIT 0.0899 + 0.0025 0.0870 + 0.0027 0.0854 + 0.0038 0.0868 + 0.0033 0.0868 + 0.0027 0.0882 £ 0.0033 0.0891 + 0.0025 0.0872 £ 0.0052
XBIL 1325.6158 + 184.5429  1439.6387 + 36.9777 1333.4594 + 242.7993 1344.7535 + 271.0738  1318.0585 + 255.9138  1322.0595 + 220.8799  1282.3469 + 233.7296 1215.1771 + 306.4138
DBI| 0.865 + 0.0187 0.8909 + 0.0307 0.9032 £ 0.0296 0.8874 £ 0.0356 0.8782 £ 0.0339 0.8705 + 0.0261 0.8733 £ 0.0223 0.8759 + 0.0356
DRIt 89.5993 + 2.6320 86.0073 + 3.7855 84.4232 + 4.9749 85.9522 + 4.9607 87.2963 + 3.9081 87.7477 £ 3.9199 88.7901 + 3.1618 87.3838 £ 4.7844
KDWI| [|10930.8651 + 327.2579 11399.1741 £ 509.9653 11630.5094 + 700.8956 11422.4393 £ 680.9838 11232.5939 + 535.0002 11173.8979 + 511.5732 11034.902 £+ 402.9685 11233.5019 + 671.6296
LDRIT 5861.3923 + 38.6691  5807.3669 £ 57.8638  5782.1566 + 77.6824  5805.6358 £ 76.4867 5826.6846 £ 60.1948 5833.4468 + 58.9885 5849.3037 £ 47.0158 5827.3172 + 74.5579
LSSRIT 2.1423 + 0.0163 2.1125 £ 0.0285 2.1002 £ 0.0372 2.1161 £ 0.0322 2.1234 £ 0.0327 2.1323 £ 0.0253 2.1376 £ 0.0206 2.127 £+ 0.0393
TWIL 21.101 £ 0.3098 21.6750 + 0.5567 21.9175 £ 0.729 21.6072 + 0.6282 21.4657 + 0.6350 21.2939 £ 0.4844 21.1907 £ 0.3944 21.4017 £ 0.7728
Doni2 CNO-CC TS [20] GRASP-VND [20] GRASP-VND-TS [20] IVNS [21] GVNS [25] SGVNS [25] NDVNS [26]
MRI} 0.3753 £+ 0.0118 0.6574 + 0.1238 0.3704 £ 0.0046 0.3738 £ 0.0086 0.3703 =4 0.0047 0.3674 + 0.0058 0.3672 + 0.0064 0.3705 + 0.0050
GPI 0.0305 + 0.0025 0.0859 + 0.0242 0.0289 + 0.0014 0.0300 £ 0.0020 0.0288 + 0.0014 0.0279 + 0.0014 0.0281 £ 0.0019 0.0290 +£ 0.0015
BHGIT 0.786 £ 0.0188 0.3854 + 0.1755 0.7978 £ 0.0112 0.7902 £ 0.0147 0.7988 + 0.0115 0.8062 + 0.0112 0.8050 + 0.0142 0.7972 £ 0.0122
CI} 0.0842 + 0.0069 0.237 + 0.0673 0.0812 + 0.0031 0.0832 + 0.0051 0.0811 £ 0.0031 0.0791 + 0.0038 0.0790 £ 0.0041 0.0812 + 0.0032
TIT 0.4194 + 0.0111 0.2045 + 0.0951 0.4269 + 0.0076 0.4224 + 0.0085 0.4275 + 0.0079 0.4329 + 0.0082 0.4322 + 0.0096 0.4268 + 0.0082
DGIT 0.0118 + 0.0054 0.0014 + 0.0037 0.0104 + 0.0049 0.0106 + 0.0041 0.0109 + 0.0049 0.0064 + 0.0041 0.0094 + 0.0044 0.0099 + 0.0049
RLIT 0.3452 + 0.0034 0.2698 + 0.033 0.3401 + 0.0069 0.3423 + 0.0052 0.3393 + 0.0058 0.3350 + 0.0064 0.3368 + 0.0062 0.3408 £ 0.0074
CHIT 1004.364 + 70.9312 372.9465 + 278.6564  918.6524 + 121.5407 950 9 + 85.3799 900.8383 + 93.1683 832.1556 + 102.1302 858.3044 + 99.4213 926.1673 + 123.5089
RTIL, 0.7277 + 0.0926 286.6146 + 756.3596 0.783 + 0.1265 0.7693 + 0.0926 0.8277 + 0.0832 0.8369 + 0.1179 0.8218 + 0.1247 0.7578 + 0.1395
WGItT 0.4805 + 0.0075 0.1282 + 0.1523 0.4819 + 0.0062 0.4791 £ 0.0161 0.4809 £ 0.0058 0.4760 + 0.0126 0.4771 £ 0.0105 0.4770 £ 0.0068
DIT 0.0018 + 0.0009 0.0002 £ 0.0006 0.0017 £ 0.0007 0.0016 £ 0.0006 0.0017 £ 0.0008 0.0011 £ 0.0007 0.0016 £ 0.0007 0.0016 £ 0.0008
TWBIT 5.2979 + 0.2341 2.0885 £ 1.5435 4.9342 + 0.6000 5.1243 £ 0.3938 49149 £ 0.5014 4.5688 £+ 0.5101 4.7114 + 04733 49561 + 0.5253
BHIT 0.0159 £ 0.0016 0.0259 + 0.0041 0.0185 £ 0.0039 0.0173 £ 0.0023 0.0189 £ 0.0035 0.0219 £ 0.0043 0.0212 £ 0.0044 0.0186 £ 0.0039
PBMIT 0.0247 £+ 0.0015 0.0088 £ 0.0078 0.0254 £ 0.0012 0.0249 £ 0.0018 0.0255 £ 0.0013 0.0261 £ 0.0018 0.0263 + 0.0017 0.0254 £ 0.0015
XBI| 9298.6004 £ 9836.2687 Inf £ NaN 9057.8492 + 9446.3455 9366.0864 £ 12640.6587 9209.1882 + 11820.1008 39882.496 £+ 59725.9982 11666.0136 + 13644.2871 17788.0306 £ 36524.9046
DBI| 0.9712 £+ 0.0435 8.3499 £ 7.7375 1.0194 £ 0.0646 .0004 £ 0. 1.0368 £ 0.0623 1.0795 £ 0.0693 1.0692 £ 0.0694 1.0165 £ 0.0801
DRIt 12.8707 + 1.0474 4.4601 + 3.9682 11.5566 + 1.9801 12.1153 £ 1.2931 11.3390 + 1.4734 10.2417 + 1.6327 10.6743 £ 1.5576 11.6810 + 1.8693
KDWI| 5192.2762 + 388.936 20608.2012 + 6833.5656 5918.6766 £ 1050.4762 5553.2343 £ 690.4166 5966.2302 + 865.0884 6635.1068 + 979.3266  6350.7247 &+ 912.4482  5840.9621 + 1016.3060
LDRIT 5103.9472 + 156.2614 2559.2783 + 1148.3803 4865.817 + 350.2494  4977.0541 £ 229.3805 4839.1239 + 275.8605 4629.8417 £ 308.3246  4715.4927 + 291.2164 4890.1369 + 334.5635
LSSRIT 0.9214 + 0.0683 -0.2262 + 0.5026 0.8261 £ 0.1333 0.865 + 0.0935 0.8095 £ 0.1072 0.7287 £+ 0.1195 0.7602 £ 0.1153 0.8338 £ 0.1372
TWI, 24.5314 + 1.1795 48.002 + 10.2581 26.2797 + 2.4352 25.5457 £ 1.7064 26.5598 + 1.9908 28.0746 + 2.2330 27.4797 £ 2.1479 26.1414 4+ 2.5181
n o
Note that >, xj; = n;. In addition, if d;j = dj; and d;; =0, problem:
n n n
then Dy > o dijxinxji = 2y 2 =y dijXirxji/2. P n
If dij = |lv; — v ||, then we have :
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where > xjw;/ >y xji is the centroid of cluster /.
It implies that the objective function (8) is an upper
bounding function of the objective function in k-means
clustering. Nevertheless, the dissimilarity coefficient d;;
in (8) is more general beyond the definition of any
norm.

In view that the minimization of a fractional objec-
tive function in (8) can be carried out via the mini-
mization of its numerator and the maximization of its
denomination simultaneously, problem (8) is reformulated
as the following mixed-integer quadratic programming

where 1; is a positive of weight for/ = 1,2, ..., p. Let ¢, (X)
denote the objective function to be minimized in problem (9)
hereafter.

For given nonzero initial solution x (0), problem (9) can be
solved with iterative weights as follows: For t =0, 1, .. .;

i1 2 j<i dijxit(Oxi(t)

Ai(t) = s =1,2,...,
) ST ) P
(10a)
P n
x(t+1) =arg frél}}zz Zdijxille —i(t)xir]  (10b)
X

=1 i=1

where X = {x € {0, 1} P| >0 xiy = 1,20 auxy <
bi,i = 1,2,...,n;1 = 1,2,..., p}. Problem (9) can then
be solved as an iteratively reweighted binary quadratic pro-
gramming problem for given 4;(¢) (I = 1,2, ..., p) updated
iteratively according to (10a). Because of the effect of mini-
mization in (9)

j<i

it 2 jai dijxin@)xju()
ZL] xii (1)

At +1)=4@) =
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The above-mentioned inequality implies that the objective
function in (9) is a surrogate function in a majorization-
minimization framework [81], [82], [83], [84]. It is proven
that the convergence rate of the weight A in the iterative
reweighting procedure (10) is quadratic [85].

The capacitated clustering can be further reformulated in
an iteratively reweighted quadratic unconstrained binary opti-
mization problem by introducing a quadratic penalty function
into the objective function as an alternative to imposing con-
straints. The terms in the penalty function are chosen so that
the influence of the original constraints on the solution process
can alternatively be enforced by the natural functioning of the
optimizer as it looks for solutions that avoid incurring the
penalties. That is, the penalty terms are formulated so that they
equal zero for feasible solutions and are positive for infeasible
solutions. For a minimization problem, these penalty functions
are added to create an augmented objective function to be
minimized. If all the penalty terms can be driven to zero, the
augmented objective function becomes the original objective
function to be minimized.

To handle the equality constraints in (9), a quadratic penalty
term is defined as follows:

n p 2
P1(X) = %Z(Zm - 1)-
=1

Y

In view that x;; € {0, 1}, and hence, xizl = xj;, the penalty
term can be equivalently expressed as follows:

12)

n p p
¢1(X)=%Z D xi =2 > xijxia — 1
=1

i=1 = =1 j<I

A penalty term for the inequality constraint in (13) by using
rectified activation function is defined as

P n 2
$2(X) = % Z(max {0, Zailxil - bz}).

=1 i=1

13)

With the two penalty functional terms and the quadratic
objective function to be minimized, a penalty function and
a penalized or augmented objective function are defined as
follows:

¢(X) = p1(X) + $2(X)
[i(X) = ¢i(X) + pp(X)

(14)
5)

where p is a positive penalty parameter, and X € {0, 1}"*7.
Based on the penalty function (14) and penalized objective
function in (15), problem (9) is reformulated as the following
quadratic unconstrained binary optimization problem:
m}}n f1(X), s.t. X €{0,1}%7, (16)
It is known that problems (16) and (9) are equivalent in

terms of their optimal solutions if the penalty parameter is
sufficiently large [86].

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

IV. ALGORITHM DESCRIPTION
Based on the formulated problem in (16), a CNO-
driven capacitated clustering algorithm termed CNO-CC is
developed.
In analogy to DHNm, a BM with a momentum term (BMm)
is defined as follows:

u(t+1)=u(t)+ Wx() -0

1

xi)y=1)= —

plxi() =1) l—}-exp(—"”—T(Q)

p(xi(t) =0) =1— p(xi(r) = 1).

In the CNO-CC algorithm, a population of BMms in (17)

are employed for distributed local search, and the PSO rule

in (6) is used to repetitively update DHN or BM neuronal

states upon their local convergence to escape from local optima
and move toward global optimal solutions.

A7)

Algorithm 1 CNO-CC

Input: Dissimilarity coefficient matrix D, DHN or BM
population size N, termination criterion M, PSO
parameters cg, c1, and c;, initial temperature
parameter 7.

1 Fori=1,2,..., N, generate random initial neuronal
state matrices X;(0) € {0, 1}"*P, PSO velocity matrices
Vi € [—1, 1]7"*P; set initial group-best matrix and initial
individual-best matrices for the ith BM X* = X = 0.
Set iteration counter ¢+ = 0 and termination counter £ = 0;
while £ < M do

2
3| fori=1to N do
4 flgi =0;
5 while fig; =0 do
6 Update X (7); according to (1) for DHN or (4)
for BM;
7 if X;(t) = X;(t + 1) then
8 Compute lé (! =1,...,p) according
to (10a);
9 flgi =1,
10 end
1 t<—1t+1;
12 end
13 if f,(Xi(1)) < f,(X7) then
14 | X7 < Xi();
15 end
16 | end
17 | if min{f;(X7), ..., f2(X})} < f2(X*) then
18 X* < argmin{f1(X7), ..., f2(X3)}:
19 ¢ < 0;
20 | else
21 | €< C+1;
22 | end
23 | fori=1to N do
24 | Update X;(t + 1) according to (6);
25 | end
26 end
Output: X*.

Algorithm 1 describes the CNO-CC algorithm. Steps 3—12
are to obtain the equilibria of BMms for scatter local searches.
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Fig. 2. Monte Carlo test results of the CNO-CC algorithm with several values of M and N on the ten datasets. (a) SJC1. (b) SJIC2. (c) SJC3a. (d) SJIC3b.
(e) SIC4a. (f) SIC4b. (g) U724_010. (h) Donil.

Steps 13—14 and 17-18 are to update individual and population two hyperparameters usually need to be determined in an ad
best solutions, respectively. Steps 23-25 are to reposition the hoc manner, as they depend on the inherent complexity of
neuronal states using the PSO rule. the problem under study and the desired spatial and temporal

In the CNO-CC algorithm, there are two important hyper- complexities of the solution method. In general, the larger the
parameters: the BMm population size denoted by N and the population size N is, the faster CNO-CC converges to optimal
minimum number of consecutive iterations without further or acceptable high-quality solutions. Therefore, it is a trade-off
improvement denoted by M as the termination criterion. These between the spatial and temporal complexities. Due to the

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on January 08,2023 at 07:26:15 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10 IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS
100 10000 4
16.5 200 200 30 2p0
80 16 8000
100 100
ol 155 M 150 15 5
= 15 < 6000 0 = 29.5 =
~ 30 40 50, T 30 40 50 = 100 Z 1 0
< 40 4000 < 60 70 80| © 60 70 80
20 2000 50 ﬂ / 05 /A
0 0 0 0
0 20 40 60 0 20 40 60 0 50 100 0 50 100
Inner-loop iteration Inner-loop iteration Inner-loop iteration Inner-loop iteration
(@ (b)
x10* < 10*
150 242 100 150 285 10
: 6 6
50 5
_ 100 24 _ 100
z =4 0 2 28 =4 0
< 110 120 130 < 110 120 130 < 130 135 140 < 130 135 140|
50 50
0 0 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Inner-loop iteration Inner-loop iteration Inner-loop iteration Inner-loop iteration
© @ .
10 x10* %10
20 150 27.8 40
190 312 10 ° 20
= 100 = g 100 TP <4
z 31 s 0 x ® 0
< 175 180 185 190 © 175 180 185 190 < 100 120 140 © 100 120 140|
0 0
0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 0 50 100 150 200
Inner-loop iteration Inner-loop iteration Inner-loop iteration Inner-loop iteration
© . ®
610 4 x10*
10
113
1000 172 50 600
1715 4 112.5 3 5
Z 171 = ¥ 400 112 %, 0
< 500 70 80 90 B 70 80 90 < 120 130 140 < 120 130 14
2
] 200 ]
0 0 0 0
0 50 100 0 50 100 0 50 100 150 200 0 50 100 150 200
Inner-loop iteration Inner-loop iteration Inner-loop iteration Inner-loop iteration
® \ () .
x10 x10
1500 20 220 20
247.2 6 6
1000 2471 10 1000 219.5 10
= 247 =4 0 E 219 =4 0
< 110 120 130 S 110 120 130 < 190 200 210 < 190 200 210
500 500
2 2
0 0 0 0
0 50 100 150 200 0 50 100 150 200 0 100 200 300 0 100 200 300
Inner-loop iteration Inner-loop iteration Inner-loop iteration Inner-loop iteration
@ @
Fig. 3. Snapshots of objective function value and penalty function value of the CNO-CC algorithm. (a) SJCI. (b) SJIC2. (c) SJC3a. (d) SJIC3b. (e) SIC4a.

(f) SIC4b. (g) U724_010. (h) Donil. (i) R11304_010. (j) Doni2.

stochastic nature of PSO-based reinitialization for multistart
scatter search, M needs to be set with a fair value to reach
the theoretically proven almost-sure convergence.

V. EXPERIMENTAL RESULTS

A. Experiment Setups

As the evaluation of clustering results is subjective, many
cluster validity criteria are used to evaluate the multifaced

goodness of clustering results.

Internal cluster validity criteria

are independent of the specific use of similarity or dissimilarity
coefficients, whereas external cluster validity criteria depend

on the similarity or dissimilarity coefficients used as well as
labels. In this study, 21 label-free internal cluster validity
criteria in Table I are used for evaluating the clustering

performance.

The experiments are based on ten benchmark datasets with
given data weights and cluster capacities (i.e., a;; and by
in (7)), exclusively used for capacitated clustering: SICI,
SJC2, SJC3a, SIC3b, SIC4a, SIC4b! (used in [12], [13], [14],
[15], [22], [87], [88], [89], [90], [91], and [92]), U724_010>

1 http://www.lac.inpe.br/~lorena/instancias.html
2https ://github.com/emuritiba/cccp
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Fig. 4. Convergent behavior of the CNO-CC algorithm on the ten datasets with M = 1000 and N = 32. (a) SJCI. (b) SIC2. (c) SJC3a. (d) SIC3b. (e) SIC4a.

(f) SIC4b. (g) U724_010. (h) Donil. (i) R11304_010. (j) Doni2.
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(used in [22], [89], [91], and [92]), Donil, Doni2! (used in
[22], [87], [88], [90], [91], and [92] ), and R11304_010? (used
in [22], [89], and [91]), with their major parameters listed in
Table II and the coordinates of the data points available for
evaluating the internal validity criteria of clustering results.
In this study, the Euclidean distance is used to represent the
dissimilarity between data.

The proposed CNO-CC algorithm is compared with
seven prevailing capacitated clustering algorithms: TS [20],
greedy randomized adaptive search procedure with variable
neighborhood descent (GRASP-VND) [20], GRASP-VND
and TS (GRASP-VND-TS) [20], IVNS [21], GVNS [25],
SGVNS [25], and NDVNS [26] algorithms. The code of
CNO-CC is publicly accessible at Github.> The codes of the
GRASP-VND, TS, GRASP-VND-TS, and IVNS algorithms
are obtained following a link in [21]. The codes of GVNS
and SGVNS are from http://www.mi.sanu.ac.rs/~nenad/ccp/
maintained by Brimberg et al. [25]. The codes of NDVNS are
obtained following a link in [26].

3 https://github.com/HongzongL.I-CS/CNO-CC-Github

@ @

Resulting clusters using the CNO-CC algorithm. (a) SJC1. (b) SJC2. (c) SJC3a. (d) SJC3b. (e) SJC4a. (f) SJC4b. (g) U724_010. (h) Donil.

B. Parameters Selection

The values of two hyperparameters N (population size)
and M (termination criteria) in Algorithm 1 are set based on
20-run Monte Carlo tests with random initial states on the ten
datasets. Fig. 2 depicts the box-plots of the Monte Carlo test
results obtained using the CNO-CC algorithm over 20 runs
with different initial states on the ten datasets, where a center
bar in a box marks the median, the top and bottom of the
box denote the upper quartile g,(0.75) and the lower quartile
gn(0.25), and the whiskers denote the highest or lowest values.
As shown in Fig. 2, the objective function values reach their
minimum in most runs with M = 500 and N = 8 on SJC1,
M = 500 and N =8 on SIC2, M = 500 and N = 16 on
SJC3a, M =900 and N = 8 on SIC3b, M = 800 and N = 32
on SJC4a, M = 500 and N = 16 on SJC4b, M = 600 and
N =32 on U724_010, and M = 800 and N = 16 on Donil.
Table II lists the values of the hyperparameters as well as
other parameters used in the experiments. In the BMm, the
cooling rate a = 0.2. In the PSO update rule (6), co = 1 and
cp=cp =2.
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C. Neurodynamic Behaviors

Fig. 3 depicts ten snapshots of the convergent behaviors of
the objective function f(x) in (9) and the penalty function
p(x) in (14), resulting from an individual BMm in the
inner-loop of CNO-CC (Step 6) on the ten datasets. The
snapshots in Fig. 3 show that the objective function values
increase because the solution does not satisfy the constraints,
as shown in the penalty function values on the right-hand
side. The objective functions reach stationary points, and
the penalty function decreases to zero (i.e., converges to a
feasible solution) within 134 iterations. Fig. 4 depicts the
convergent behaviors of ¢;(X) the CNO-CC algorithm on the
ten datasets, where the red envelopes depict the augmented
objective functions of group-best solutions X™*. It shows
that the augmented objective function values monotonically
decrease, and CNO-CC converges within 600 iterations.

D. Performance Comparisons

To make fair comparisons, the same stop criterion is used
among the competing algorithms; i.e., M in CNO-CC is set
according to the stop criterion. Fig. 5 shows the resulting
clusters using the CNO-CC algorithm on the ten datasets.
Note that the shapes of some clusters are irregular due to
the existence of capacity constraints. Tables III-V records the
mean values and standard deviations of 21 internal cluster
validity criteria resulting from the seven competing algorithms
over 20 runs with random initialization on the ten datasets. The
results show that the CNO-CC algorithm achieves the best
results among the ten methods in 126 out of the 168 cases
(75%) in terms of the mean values.

VI. CONCLUSION

This paper presents a capacitated clustering algorithm based
on CNO. The proposed objective function with fractional
functional terms empowers to measure cluster compactness
naturally. The surrogate function used to represent the objec-
tive function leads to the iteratively reweighted quadratic
unconstrained binary optimization problem formulation in a
majorization-minimization framework, facilitating the subse-
quent development of the clustering algorithm. The proposed
capacitated clustering algorithm leverages the hill-climbing
local search capability of BMs in scattered searches. The
proposed algorithm statistically outperforms the baselines
owing to the combined use of a more reasonable objec-
tive function for measuring cluster compactness and a more
effective optimizer driven by collaborative neurodynamics.
Further investigations may aim at the efficiency and scala-
bility improvements of the neurodynamics-driven capacitated
clustering algorithm. Further investigations may also include
the robustness analysis of neurodynamics-driven constrained
clustering as in noise-tolerant neural networks [112], [113].
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